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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards bodies
(ISO member bodies). The work of preparing International Standards is normally carried out through 1SO
technical committees. Each member body interested in a subject for which a technical committee has been
established has the right to be represented on that committee. International organizations, governmental and
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Introduction

This Technical Report demonstrates the advantages in the application of statistical methods in as simple and
efficient a manner as possible so that they become accessible to the many rather than to the few.

As an introd
questions
tools and technlcal and operational knowledge of the process can help in improving designs, -proce¢ss
efficiency §nd performance and product conformity to specification.

— Example 1, relating to the strength of wire, illustrates the role and value of division of data,into so-called
rational subgroups coupled with the use of cause and effect diagrams and line plots. It;also shows how to
exploil interrelationships between process parameters to achieve robust designs. The need| is
emphasized to treat numerical data not just as a set of figures but as potentially“meaningful informatjon
on a process. It demonstrates clearly that an enquiring mind and sound judgement, coupled with|an
undergtanding of the actual process producing the numerical data, are required as distinct from a mgre
knowledge of statistical method. This indicates the need for non-statisticians to become more awarg of
the rdle of statistical method and to become more involved in their actual application to secure the
maxinpum possible benefits to any organization.

— Example 2, on fabric mass, illustrates key aspects that need to be considered when sampling to establish
conformance of an entity to specification. In this examplej.,"general conclusions are established|by
statistjcal theory and are turned to practical use.

— Example 3 concerns the mass fraction of ash (in %)>in coal. Specifically, it demonstrates four principal
concepts: how to handle apparent fluctuation of\‘quality within a quantity of material; the need| to
determine, on a sound basis, the amount of sampling necessary to estimate the quality of a commodity;
the ngcessity to establish, in advance, a well. designed sampling procedure; and the value of progressjive
analysis of results, in a simple graphical mahner, as they become available.

More gengrally, example 3 illustrates the importance of the application of statistical thinking and desjgn
method tola numerical study prior to it-being undertaken. It also indicates that, to gain full benefit from such a
study, pergons familiar with the activity-dnder scrutiny should be involved throughout.

Clause 5 introduces basic statistical terms and measures, and a wide range of simpler statistical tools used to
present amd analyse data.cEmphasis has been placed on a pictorial approach that can most readily [be
communicgted to, and understood by, the many.

Clause 6 describesthg fundamentals of sampling on a statistical basis and distinguishes between statistical
uniformity [(stability>0f a process) and quality level (process capability). Clause 7 introduces sampling with
reference [to a product requirement. It draws out the two principal methods, viz. that of after the event
acceptance sampling and that of the ongoing control of inherently capable processes. Clause 8 provides a
detailed treatment—of—the—statistical—relationship—between—sample—and—bateh—GClause-9—deseribes—the
methodology, terminology and rationale of acceptance sampling. Single, double, multiple, sequential,
continuous, skip-lot, audit, parts per million, isolated lot and accept-zero plans for acceptance sampling by
attributes are dealt with. Acceptance sampling by variables covers the following plans for individual quality
characteristics: single sampling plans for known and for unknown standard deviation; double sampling plans;
sequential sampling plans for known standard deviation and accept-zero plans. Multiple-quality characteristic
plans are also described.

Clause 10 covers the fundamentals of statistical process control. It distinguishes between statistical process
control and the use of statistical process control techniques for statistical product control. Over-control, under-
control and control are discussed. The key steps in establishing and interpreting performance-based control
charts that are intended primarily to differentiate between special and common causes of variation and

X © ISO 2009 - All rights reserved


https://standardsiso.com/api/?name=c18e5b81c1ca96ad2ffc6deb96b0f57d

ISO/TR 18532:2009(E)

provide a basis for capability and performance assessment are covered. The principal types of Shewhart-type
control charts and the role and application of cumulative sum (CUSUM) charts are dealt with.

Clause 11 deals with performance benchmarking of stable processes under the heading of process capability
assessment. Three very pertinent business questions are answered by a control chart: 1) is the process in
control?; 2) what is the performance of the process?; and 3) is there evidence of significant improvement in
process performance? Clause 11 focuses on answering the second question regarding process
capability/performance of both measured data and attribute processes. It introduces the use of the
internationally standardized capability indices, C,, Cp,; and Cpy;- It also discusses the business implications,
in terms of aiming at preferred value and minimizing variation, with the quotation of minimum C,,, values,
ratherthan the convention of ’rnlpmting maximum use of Qppr‘ifipd tolerances in dp’rprmining whether or not an

enlity conforms to requirements.

Clause 12 begins by illustrating the role and value of simple economic experimental designs |where the
mgdthematical content is such that all the necessary calculations can readily be done manually. It then
continues to exploit the development of computer software programs in the design and gnalysis of
experiments. Nowadays the need for computational skills has become so minimal that the practjtioner can
concentrate his attention on choosing the right kind of design for a particular application, how to perform the
experiment and how to interpret the computer outputs. In both cases, pictorial outputs are encouraged to
fadilitate understanding.

Clause 13 deals with the capability of measuring systems. Following®a resumé of the basiq statistical
requisites of a measuring system that ensures the integrity of the data output, examples are given of the
application of statistical method to the evaluation of resolution, ¥ias and precision, uncertainty, r¢peatability
and reproducibility.
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Scope

] improvement of processes.

Normative references
e following referenced documents are indispensable for the application of this document.
erences, only the edition cited applies. For undated references,) the latest edition of the
cument (including any amendments) applies.

D 3534-1, Statistics — Vocabulary and symbols — Part: General statistical terms and tern
bability

D 3534-2, Statistics — Vocabulary and symbols — Part 2: Applied statistics

D 3534-3, Statistics — VVocabulary and symbols~— Part 3: Design of experiments

Terms and definitions

[ the purposes of this document;.the terms and definitions given in ISO 3534-1, ISO 3534-2 and |
Dly.

lllustration af value and role of statistical method through examples

Statistical method

b term-'statistics” is commonly associated with an idea of lists of numbers, whether relating to ou
es,/prices or wages. It is thus advisable to make clear at the outset what in fact this statistical

tha

s Technical Report describes a broad range of statistical methods applicable to the management, control

For dated
referenced

s used in

50 3534-3

put, costs,
method is

t may gainfully be applied in the field of quality and standardization. It is important to give some

breliminary

answers to certain questions. Why is statistical method needed at all? What does it consist of?

What kind of assistance can it give? Where can, when can, and should, it be applied? For this purpose, it has
seemed best to deal first with the particular rather than the general, using specific examples to focus attention

on

the wider issues involved.
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4.2 Example 1: Strength of wire

4.2.1 General

This example illustrates the role and value of the division of data into so-called rational subgroups coupled
with the use of cause and effect diagrams and dot plots. 1t shows their applicability to both problem solving
and process and product enhancement. It also indicates the need to treat numerical data, not just as a set of
figures, but as potentially meaningful information on a process. It demonstrates clearly that an enquiring mind
and sound judgement, coupled with an understanding of the actual process producing the numerical data, are
required, as distinct from a mere knowledge of statistical method. Hence, there is a need for technologists,
techniciang,andoperationaf, administrative, Tarketing and management personnel to become more awarg of
the role of|statistical method and become more involved in their actual application to secure the many benefits
possible td any organization.

4.2.2 Ovprall test results and lower specification limit

Suppose §4 test results were obtained on the breaking strength of wire where the lower, specification limif is
set as 420|units. The results are shown in ascending order reading down the columns4n<{Table 1 and as a ot
plot in Figyre 1.

Table 1 — 64 test results of wire breaking strength arranged in order from minimum to maximum
(measurements were made to the nearest-5units)

390 | 415 | 435 | 450 | 460 | 470 | 480 | 490 | 500 | 510 [ 55| 520 | 540 | 550 | 560 | 575

400 | 415 | 440 | 450 | 460 | 470 | 480 | 490 | 500 | 510 \520 | 530 | 540 | 550 | 565 | 580

406 | 420 | 440 | 450 | 460 | 475 | 480 | 495 | 500 [x515 | 520 | 530 | 545 | 550 | 570 | 585

410 | 430 | 445 | 455 | 465 | 475 | 485 | 495 | .505%| 515 | 520 | 535 | 545 | 560 | 575 | 590
Mean = 495; median = 497,5; minimum = 390; maximum = 590.

380 400 420 440 460 480 500 520 540 560 580 600 X

Key

X strength
Y number of observations

The dashed line at 497,5 represents the sample median and the full line at 420 represents the lower specification limit.

Figure 1 — Dot plot of breaking strength of 64 test specimens
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4.2.3 Initial analysis

It can be seen that 6 of the 64 test specimens have failed to achieve the 420 lower limit, although the mean is
well above this at nearly 500; that is because there is a large amount of variation about the average. This is
best indicated graphically in the form of the dot plot of Figure 1. (For the corresponding line plot, see

Fig

ure 12.)

It is obviously necessary to improve the quality of the wire, of which these are sample pieces, if the breaking
strength is to be depended upon to always satisfy the minimum requirements of the specification. The pattern
of variation is fairly symmetrical with a relatively large scatter. Whilst it may be possible to increase the mean

str ngfh, itis impnccihln {oreduce excessive variation-without some clue as-toits-main-causes.-lf-on the other
hand, some assignable (special) cause of variation can be located, it may be possible to take spegific action
both to increase the mean strength and reduce the overall variability. This will call~fer preliminary
investigations into the causes to which the extreme variations may be assigned.
4.4.4 Preliminary investigation
This investigation would first require a consideration of such questions as the possible causes of yariation in
thg wire strength. The outcome from a multi-disciplined team was the simple cause and effe¢t diagram
(sge 5.3.13) as shown in Figure 2, which suggests a dependence of the wire_strength on material cpmposition
angl levels of steel and oil quench temperatures.
1 2
3 3
4 4
5
3
4
6
Key
1 | steel'temperature 4 low
2 | gil-guench temperature 5 strength
3 Thigh © carbon content

Figure 2 — Basic cause and effect diagram for variation in wire strength

(due to possible changes of material and process parameters within specified tolerances)
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The next stage involves the division of the test records into a number of groups, within each of which all or
some of these possible factors are roughly constant. This grouping, which is essential in any process of
analysis, is described as division into rational subgroups (see 10.5.2). Suppose now that the 64 tests in the
present example fall naturally into 4 subgroups, which is thought might be differentiated owing to changes in
one or other of the factors suggested in Figure 2. The result is shown in the dot plots of Figure 3.

YA
5t |
4t |
3 | ®
2t 5 e e
H— A SN0 00 0 0 SNNNe S O @
380 400 420 440 460 480 500 520 540 560 580 600 X
Key
X strength Y number of observations in group 1

a) Group 1: Low oil quench temperature — High steel temperature

Y

5 |

4 |

3 |

2 | ®

1 : : L : eesse

380 400 420 440 460 480 500 520 540 560 580 600 X
Key
X strength Y numberofiobservations in group 2

b) Group 2: High oil quench temperature — High steel temperature

Y

5 I

4 |

3 | @

% © e e 6| e

380 400 420440 460 480 500 520 540 560 580 600 X
Key
X strength Y number of observations in group 3

c) <Group 3: Low oil quench temperature — Low steel temperature

YA

5 L

4 L

|

2T L J

1;_._._.-”-.-4-#. r r r r r r —

380 400 420 440 460 480 500 520 540 560 580 600 X

Key
X strength Y number of observations in group 4

d) Group 4: High oil quench temperature — Low steel temperature

The dotted line in each subfigure at 497,5 represents the sample median of all 64 test results and the full line at 420
represents the lower specification limit.

Figure 3 — Line plots showing patterns of results after division into rational groups
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A study of Figure 3 indicates the following.

a) Group 1 results are similar to those of group 3. This suggests that strength does not appear to vary a lot
at low oil quench temperatures even if the steel temperature varies. The technical expression for this is
that the process is robust to steel temperature variation at low oil quench temperatures. The means are of
the order of 500, or greater, and the minimum sample values about 460, compared with the minimum
specification value of 420.

b) A study of group 2 and group 4 results appear to indicate a very different situation. Group 4 results are
consistently low at, or around, the minimum specification limit. Group 2 results, on the other hand, are in

fwo-sets-one low set with-a-mean below the. cpnr\ifir\nﬁnn limit, r‘nmpnrnhln with-those of G oup 4 and

another contrasting set with an extremely high mean at about 570 with a relatively low variation

A fpomparison of the records of these two sets indicated that the low set corresponded withl operating
conditions where the preset high steel temperature had inadvertently dropped to a low,value for a short
period. At a high quench temperature, the wire strength is extremely sensitive to variation“in steel tgmperature
angl extremely low results, with a high proportion below the specification limit, may, be expected gt low steel
temperatures, whereas at high steel temperatures the high quench temperature a@ppears to yield a far superior
strength performance with a mean of the order of 570 with relatively low scatter."The relationship (which was
later confirmed by statistical experimentation, but is not reported in thiss Technical Report)|is shown
diggrammatically in Figure 4. Note that Figure 4 is not exclusively a summary of Figure 3 a) to ¢) but also
drgws on the results of extra experimentation.

Yi

high steel temperature X oil quench temperature
low steel temperature Y strength

low

high

A WODN -

Figure 4 — Diagram indicating the effect of the interrelationship between oil quench temperature
and steel temperature on wire strength

Now is decision time. How should this process be run to be likely to ensure uniform strengths of wire which do

not contravene the lower specification limit? The choice depends on operational, economic, marketing and
statistical considerations.
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Option 1 is to run at low quench temperatures, which would be expected to give results similar to those of
groups 1 and 3. Due to the predicted value of the mean and the pattern of variation, there would be some
chance that occasionally the minimum specified strength may not be achieved. Variation in steel temperature
between high and low would then be anticipated to have little impact on wire strength. Certain economies
might be achieved using this option, by running with a lower steel temperature or a lower level of control of
steel temperature.

Option 2 is to grasp the opportunity to achieve a relatively high mean wire strength with low variability by
running the process with both a high steel and oil quench temperature. This may increase the process cost
but it would ensure wire strength conformance to specmcatlon It would also, perhaps be approprlate to seek
marketing ength
is seen to eS.

This example has been used to suggest how simple statistical tools, coupled with technical-and operatiopal
knowledgd of the process, may help in improving process efficiency and performance and product confornity
to specificption. They provide powerful analytical and communicating tools and, at the ‘same time, assist in
determining, on a sound basis, simple routine checks on the efficiency of technical control.

Certain gqyestions are posed. Should material of such great variation in stréngth be sold under the same
specification? What is the relative cost to produce wire under some process-parameter settings rather than
others? Stlipposing that such variety is not desirable, what should be«he best standard to aim at, havjng
regard to the needs of the user and the obstacles to be overcome<by“the producer? Should the strength
specificatipn be modified, either downwards to encourage the attainment of the standard, or upwards followjng
improvement in process settings and control, to increase the grade and price? To what extent are other
product ch}racteristics, such as hardness and brittleness, related’to strength? Are trade-offs between one and
the other ipvolved?

In addition| to these points, there is one more closely connected with statistical theory. The mere statement of
means and minimum and maximum sample test strengths and the graphical display of the results, in the fgrm
of a dot or|line plot, do not really provide measures of variation adequate for numerical prediction of the abllity
of the prodess to produce wire strengths conforming to standard. A number of other statistical aspects need to
be considgred, such as the stability of the process in relation to wire strength and the fitting of a probabllity
distributior] to the pattern of variation of ‘the results (such as is shown later for a different examplg in
Figure 26)

4.2.6 Explanation of statistical-terms and tools used in this example

Rational spbgroup: a group~in;which data is so organized through classifying, grouping or stratifying aq to
ensure the greatest similarity among the data within each subgroup and the largest difference betwgen
subgroupsf The aim of<rational subgroups is to include only common causes of variation within a subgrqup
with all special causes’of variation occurring between subgroups. The object is to discriminate more readily
between common and special cause variation in sets of data.

Knowledgeg
form the bk
on late payments could be grouped by account, account supervrsor product or by mtervals of time. In a
production process, the maximum homogeneity within a subgroup is frequently obtained by making up rational
subgroups from consecutively produced parts taken from the same location or machine. For example, five
consecutively produced parts from one machine may be taken every hour. It is then possible to segregate
special causes of hour to hour variation, identified from subgroup to subgroup variation, from the inherent
sources of common cause variation within a subgroup.

and |nformat|on obtalned through theory, experlmentatlon or experlence of the process typlc

Common causes of variation: source of variation that is inherent in a process. It relates to those sources of
natural variation in a particular process. For example, a turret capstan may produce to 0,25 mm, a grinder to
0,025 mm and a hand lapper to 0,002 5 mm; an investment casting may produce to 0,2 mm per metre and a
sand casting to 0,8 mm per metre. Hence, only people responsible for the system can often reduce common
cause variation. The variation is predictable in a process subject only to common cause variation.
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Special causes of variation: source of intermittent variation in a process. A special cause arises because of
specific circumstances that are not always present. For instance, it could be irregular (e.g. power surge),
progressive (e.g. tool wear) or stepwise (e.g. change in datum of a gauge, or change in setting). As such, in a
process subject to special causes, the magnitude of the variation from time to time is unpredictable. The
presence of special cause variation is found using a statistical process control (SPC) chart by operational
people, those who work in the system.

Dot/line plot: the frequency of readings at each measurement is shown by dots/lines built up vertically on a
horizontal axis representing the scale of measurement. It can be used to compare or contrast, graphically, the

pattern of variation of data both within a rational subgroup and between subgroups. It is particularly useful
when wnrking with limited sets of data

Magan (arithmetic mean): sum of the values of the observations divided by the number of observations.

Magdian: value of a variable characteristic, which is greater than one half of the observations ‘and less than the
other half (the middle, or mid-value). In the case of an even number of observations, itis-usual pragtice to set
thg sample median equal to the arithmetic mean of the central two observations after arranging the
observations in ascending order.

Cause and effect diagram: frequently called a fishbone diagram (becaudse' of its shape) or af Ishikawa
diggram (named after its creator, see Reference [101]). It applies where“itis required to explore gnd display
calises of a specific concern, problem or condition. The concern (effect) is shown on the right|of a main
hofizontal spine. Possible categories of causes of the concern are’shown on main branches from|the spine.
Supcategories are indicated on subbranches.

4.3 Example 2: Mass of fabric

4.3.1 General

This example illustrates a form of problem that arises in sampling anything, for example, a product ¢r material,
to |determine whether or not it conforms to-specification. It suggests the importance of establishing the
relationship between size of sample and-the precise rules to be laid down for acceptance or rejecfion, based
on[the resulting tests or measurements,

=)

Spkcifications may be one-sided,\with either a minimum (e.g. strength) or maximum value (e.g. efcentricity)
queted, or two-sided, with both @ 'minimum and maximum given (e.g. assembly component dimens|on). When
mgasurements are taken of _successive results from however stable and precise a process, it |cannot be
supposed that the results will be identical. Some variation will be evident if the resolution of the [measuring
deyice is appropriate.-Consequently, to obtain any adequate appreciation of the quality of thg particular
characteristic in question, a number of results need to be obtained. Furthermore, it is not only the resulting
average that is of)importance, but also the uniformity as measured by the variation about that average.

It fpllows that,)in using a series of sets of measurements to check for conformity to a specification, |t is helpful
to fake into.account the following:

=

a) | ‘the relationship between average values, minimum values, range of variation, etc.; together wit

~

b) the manner in which these are dependent upon the actual number of measured values taken.

4.3.2 Test results and specification limits
It is possible to illustrate the nature of the problem using the data given in Table 2. The figures represent the

masses of specimens taken from a roll of fabric. They have been grouped for purposes of illustration into 32
samples of 4 specimens each.
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Table 2 — Masses of 128 specimens from a roll of fabric —
Minimum specification limit=98 dg=9,8 g

Sample Mass of specimens (1 dg) Sample Mass of specimens (1 dg)

number 1 2 3 4 number 1 2 3 4
1 101 99 100 102 17 100 97 91 92
2 106 98 101 99 18 106 100 102 100
3 98 101 102 100 19 97 97 94 99
4 103 104 95 96 20 99 101 100 101
5 96 97 100 96 21 100 101 95 103
6 101 96 97 97 22 101 99 99 99
7 109 100 106 101 23 94 96 94 98
8 92 97 100 95 24 99 100 104 108
9 104 102 95 100 25 102 100 105 98
10 98 101 99 107 26 99 98 103 97
11 99 98 99 99 27 97 08 106 104
12 109 101 105 102 28 97 101 108 99
13 95 94 97 100 29 100 97 100 98
14 102 100 100 95 30 104 103 104 100
15 97 101 102 98 31 105 99 103 103
16 103 101 99 100 32 98 104 102 103

Figure 5 illustrates the data of Table 2 in 3 waysin relation to sample means:

a) the firgt 32 samples each have 4 masses (as shown in Table 2);

b) samples 33 to 48 relate to the same data in Table 2, which has nhow been combined into 16 samples each
of 8 masses with sample 33 being the union of samples 1 and 2, etc.; and

c) samples 49 to 56 relate-{o.the same data in Table 2, which has now been combined into 8 samples egch
of 16 masses with sample 49 being the union of samples 1 to 4, etc.

Figure 6 illustrates the\data of Table 2 in 3 ways, in relation to sample ranges (see 5.2 for definition of ran

rather thar] samplexmeans. As in Figure 5:

1) the firgt 32'samples each have 4 masses (as shown in Table 2);

je)

2) samples 33 to 48 relate to the same data in Table 2, which has now been divided into 16 samples each of
8 masses with sample 33 being the union of samples 1 and 2, etc.; and

3) samples 49 to 56 relate to the same data in Table 2, which has now been divided into 8 samples each of
16 masses with sample 49 being the union of samples 1 to 4, etc.
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Figure 5 — Means of masses plotted against sample number

(illustrating decreasing variation in the mean with the sample size increase)
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Figure 6 — Ranges of masses within each sample vs sample number

[illustrating increasing (range) variation within a sample with sample size increase]
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4.3.3 Discussion of specific results

Attention is drawn to the following points, brought out by examination of Figure 5.

a) The mean (Figure 5).

Sample size

Range of means
(in units of 1 decigram)

4 95t0 104 =9
8 97t0102=7
16 991t0 101 =2

The conclysion is that as the number of values upon which the mean is based becomes larger) the variation
the mean hecomes smaller.

b) The range (Figure 6).

n

Sample size

Average range
(in units of 1 decigram)

4 6
8 10
16 12

The conclusion is that the range of variation within a;sample increases with the number of values in the

sample.

c) Confofmance to specification.

Suppopse that the minimum mass, the lower specification limit (LSL), were to be set at 98.

1) Iffthis criterion is applied to the mean value in a sample, then:

would

2) d

7 of 32 samples of 4;
1 of 16 samples-of §;

0 of 8 samples of 16

fail tosmeet the criterion.

n the other hand. if this criterion is applied to the smallest value in the sample. then:

i)

i)
ii)

15 of 32 samples of 4;
12 of 16 samples of 8;

8 of 8 samples of 16

would fail to meet the criterion.

This example is discussed further in 8.3.

10
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4.3.4 Discussion on general findings

Without placing undue emphasis on figures that are based on a single sample, the following general
conclusions can be established by statistical theory and turned to practical account.

a) As the number of values or tests becomes larger, the (absolute value of the) expected difference between
the mean of one set of tests and that of another becomes smaller.

b) As the number of values or tests becomes larger, their expected range of variation also becomes larger.

AN totapmaant b v aiong £ P H faoa th ot th lonarar PN H L TP HN
C U oStAatCTITCTTC Uy way U SpPCumoatorT trat TS TOwWeT SpPpTomoaturT Tt

supplemented by

3;8-g—say—ts—inradegyate unless

1) information concerning the number of specimens to be tested,
2) whether or not something conforms to specification.

Without this information, it would not be possible to know whether something conferms or does not conform to
specification.

4.4 Example 3: Mass fraction of ash (in %) in a cargo of coal
441 General

This example illustrates four principal concepts:

—| the handling of apparent fluctuation of a quality characteristic within a quantity of material (or alternatively
with time);

—| the need to determine, on a sound basis) ‘the extent of sampling necessary to estimate the quality
characteristic of a commodity;

—| the necessity to establish, in adyvance, a well designed sampling procedure based on sound,| but basic,
statistical principles;

—1| the value of progressive analysis of results, in a simple graphical manner, as they become available.

These concepts are explained by reference to bulk sampling. However, they are applicable gengrally to all
kinds of sampling.

Sampling of bulk-Commodities, for example, particulates, liquids and gases, can be classified into two types:

samplifg 1o make a decision on lot acceptance/rejection (see ISO 10725 [39]);

Q
~

b

~

sdmpling to make an estimation of the average quality of a particular characteristic of the bulk gommodity.
(See 1SO 11648[43]))

lllustrations of the application of b) include sampling of chemical products such as those in liquid state, cokes,
ferroalloys and cements; agricultural products such as grains and flours; minerals and liquid state petroleum
products. Sampling may take place on moving streams or in stationary situations such as stockpiles, silos,
wagons and holds of ships and barges.

For this particular example, the quality characteristic chosen is the mass fraction of ash (in %) in a ship's
cargo of coal. The aim is to estimate the average (arithmetic mean) value. The prime purpose of such
sampling is, typically, to obtain an appreciation of the quality characteristic of the bulk of the fuel as a basis for
determining the price to pay for the consignment.
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4.4.2 Test results (reference ISO 11648-1: Statistical aspects of sampling from bulk materials)

Table 3 shows the test results from a series of 20 lots of coal being unloaded from a ship. For each lot, eight
samples of coal were drawn and the mass fraction of ash (in %) measured.

Table 3 — Mass fraction of ash (in %) measurement results by lot from ship's cargo on unloading

Lot no. | Result1 | Result2 | Result3 | Result4 | Result5 | Result6 | Result7 | Result 8

1 9,38 9,24 9,02 8,98 9,22 9,32 8,40 8,38

2 9,70 9,00 9,92 9,92 9,30 9,50 9,72 9,94

3 7,40 7,26 7,32 7,40 7,55 7,61 7,57 7,49

4 8,62 8,76 8,82 8,84 9,20 9,34 10,00 10,00

5 9,16 9,18 8,72 8,68 8,89 8,75 9,51 9,47

6 9,08 9,08 9,06 8,86 8,80 8,84 8,76 8,60

7 8,77 8,69 8,77 8,75 9,16 8,92 9,06 8,94

8 8,62 8,68 8,80 8,42 8,78 9,02 8,62 8,94

9 8,60 8,74 7,10 7,22 8,88 9,10 9,08 9,00

10 6,96 7,20 7,32 7,40 8,59 8,89 7,55 7,43

11 8,44 8,26 7,92 7,70 8,65 8,45 8,37 8,15

12 8,24 8,00 8,38 8,12 8,42 8,26 8,78 8,72

13 7,21 7,25 6,85 7,03 7521 7,31 7,31 7,39

14 8,84 9,00 8,96 8,90 9,24 9,16 9,20 9,38

15 8,45 8,51 8,91 8,79 9,00 9,06 8,86 8,96

16 9,02 9,08 9,16 9,08 8,75 8,83 8,65 8,75

17 8,71 8,77 8,75 8,75 8,98 8,96 9,00 9,18

18 8,77 8,92 9,24 9,32 8,82 8,64 8,32 8,42

19 7,37 7,39 £13 7,25 7,10 6,92 6,64 6,74

20 10,12 10,02 9,96 9,94 10,72 10,78 10,30 10,30
4.4.3 Initial graphical analysis of specific results
A plot of the averages.of mass fraction of ash (in %) of the coal by lot is shown in Figure 7. The points have
been joinef by straighf‘lines to aid visualization of the variation.
Fluctuation is obsérved about the overall average of 8,63 % ash content. Suppose 8,6 % is taken to represent
the ash coptent’in the whole consignment. A practical question would then be how many sets of tests need to
be made 'before—it—woutd—be Teasomableto—estimate—this—measure—withim,—say,—++% of -its—vatue—i.e.
approximately 8,5 to 8,7). This question can be answered by reference to the progressive average plot in
Figure 8.
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YA
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8 | —
[4ns | ! -
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NQTE The value of mass fraction of ash (in %) in the figure for each lot represents the average of 8 resuls for the lot.
Namely, from Table 3, the value for lot 1 = (9,38 + 9,24 + 9,02 + 8,98 + 9,22 + 9,32°+'8,40 + 8,38) /8 = 8,99, and so on.
Key
X | lot number

Y | average of mass fraction of ash (in %)
Figure 7 — Averages of mass fraction of ash (in %) of coal by lot from cargo

Yi
9,4

9,3
9,2 -
9,11
9 L
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8,8 |-

8,7
8.6 \ ./ ‘_A
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85T |

|
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NOTE The value of mass fraction of ash (in %) plotted by lot number represent progressive, or cumulative, averages
of all measured values up to that lot. For example, the averages of the first three lots are: 8,99, 9,67 and 7,45. The
corresponding progressive means are 8,99, (8,99 + 9,67)/2 =9,33 and (8,99 + 9,67 + 7,45)/3 = 8,70.

Key
1 +1 % band

X lot number
Y progressive average of mass fraction of ash (in %)

Figure 8 — Progressive averages of mass fraction of ash (in %) in terms of lot
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Figure 8 shows that, as the number of sampling lots increases, the progressive average appears to approach
a limiting value of approximately 8,6. From the 10th sampling lot, the fluctuation of the progressive average
has stabilized to fall within the £ 1 % bounds. That is to say, in this particular case, some 10 sampling lots
would be required before a stable estimate lying within +1 % of 8,6 % could have been made of the ash
content. However, it is important that this is not taken as a general rule. Much will depend upon the
homogeneity of the consignment, the mass of the sample, the sampling and sample preparation procedures,
sampling plan design, instrument resolution, etc. It is in the determination of the relationships between these
factors that the methods of statistical analysis are useful.

4.4.4 Benefits of a statistically sound sampling plan

The bene?lits of a statistically sound sampling design become evident on analysis and attempting te:-dijaw
conclusions from the results. For example, it is noted from purely cursory observation of Table 3 that:

a) there [s noticeable variation within each column of results;

b) the rows of results (i.e. within lots) for the main peaks and troughs of Figure 7, lots 2 (high), 3, 13 and|19
(low), fand 20 (high), have similar patterns of variation;

c) there fre adjacent column pairs of very low values in lot 9 (7,10 and 7,22 for results 3 and 4, respectively)
compared with the six other values ranging from 8,6 to 9,1;

d) there [are adjacent column pairs of very high values in lot 10 (859 and 8,89 for results 5 and 6
respegtively).

What do these results indicate? To answer this question, it is necessary to refer to the plan for sampling
percentage ash from the ship's cargo. This is shown in Figure 9.

Lot 1, Lot 2,..Lot 20

composite sample A composite sample B

test sample A1 test sample A2 test sample B1 test sample B2

result 1 result2 result3 result4 result5 result6 result 7 result8
Figure 9 — Schematic diagram showing plan for sampling percentage ash from cargo of ship

This statistical design permits the isolation of lot to lot, composite sample to composite sample, test sample to
test sample and measurement variation. This type of design is recommended (see ISO 11648-1) when there
is no, or little, prior knowledge about the sampling situation.

In this particular case, the conveyor belt unloading coal from the ship was stopped at uniform time intervals.
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A prespecified mass increment of coal was shovelled from the conveyor belt. Individual consecutive
increments were placed alternately into two containers, A and B. Each of the two containers ultimately
contains 30 such increments, which make up so-called composite samples. Two test samples are then
prepared from each composite sample. Ash content is then analysed in duplicate on each test sample.

YA
1
¢ L

* L 2 L 2
10 ¢ £ 2 2
9_
8-

] ®

O
O

7 ° o .

! ! ! ! ! ! 1d ) -

1 2 3 4 5 6 7 8 X

NQTE Circle: lot 19; Diamond: lot 20.

Key

X | test number
Y | mass fraction of ash (in %)

Figure 10 — Mass fraction of ash (in"%) plotted against test number for lots 19 and 20
(illustrating relative consistency of percentage ash within each of these lots)
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ol ° ® e
® u
®
O [ ]
8 I
| ]
[ | [ ]
[ |
[ ] O
-
[, ! ! ! ! ! ! ! -
2 3 4 5 6 7 g8 X

NOTE Circle: lot 9; Square: lot 10.

Key

X test number
Y mass fraction of ash (in %)

Figure 11 — Mass fraction of ash (in %) plotted against test number for lots 9 and 10
(illustrating rogue pairs in both lots)
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Because of the design of the statistical sampling plan, certain conclusions may now be drawn, for example:

i) in general, there is more lot to lot variation (row to row variation in Table 3) than within lot variation (within
row variation);

i) Figure 10 confirms, with respect to lots 19 and 20, the relative consistency of test results within these lots;

iii) Figure 11 indicates two pairs of rogue values in lots 9 and 10. Reference to the sampling plan indicates
that these pairs are associated with test sample A, in lot 9 and B, in lot 10. The latter phenomenon
could be due to problems in sample preparatlon or, perhaps an abrupt change in callbratlon level of the

J : r, if

simple graphlcal anaIyS|s such as thls is ongomg as results become ava|IabIe and is not Ieft to be dc ne

retrospectively, it is more likely that the specific cause of events such as these could be identified;-at the
time and place of the sampling activity. Operational or technical personnel could then take action| to
remoVe the cause and its effect by eliminating the rogue values or substituting more representative ongs.

4.4.5 Geperal conclusions
This example illustrates:

ts

a) the importance of the deployment of statistical thinking and design method, to.a’numerical study prior to
being jundertaken;

b) the value of the progressive application of simple, mainly graphical-statistical tools to any numerical stydy
at thel time and place of the particular activity rather than just applying more sophisticated statistical
methqds retrospectively;

c) that tq gain full benefit from b) it is essential that personnél*who are technically and operationally famifiar
with the activity under scrutiny are involved in the progressive statistical analysis because it will facilitate
the edrly identification and removal of any special caése variation that may be found to be present.

A more sophisticated retrospective statistical study‘ef-the results in this example included the use of analysis
of variancg (ANOVA). This confirmed that most 0f-the overall variation in mass fraction of ash (in %) (84|%)
was attribytable to lot to lot variation, indicating variability in the ash content of the cargo. About 7 % to § %
was attribyted to each of composite and test sample variation and less than 1 % to measurement variation.

5 Introduction to basic statistical tools

5.1 General

The examples in Clause4 give a general idea of the function of statistical methods in the analysis, control and
reduction pf variation,‘and the usefulness of simple graphical presentation of data. Before developingl in
greater defail the<application of these methods to quality, specification and standardization, it is necessary to
describe morefully some of the basic tools.

Suppose that= DillgiU qual'l'fy characteristichasbeemmeasured-andrecorded-foreachof anumber-of ubjc' ts.
The objects/characteristics of interest may be teeming temperature or vacuuming time in a steel mill; lateness
of trains; time to pay invoices; length, diameter, surface finish or eccentricity of a component; hardness or
silicon content of a material; time to answer a telephone; time to failure; noise level; emission level of engines.
This partial listing gives some impression of the broad applicability of these tools. The measured values of
characteristics will be termed values or observations.

5.2 Basic statistical terms and measures
If a group of units or quantities have been selected from a larger whole, it is defined in statistical terminology

as a sample. It is also common to speak of the individual observations themselves as forming a sample. Thus,
a sample may consist of 1, 2, 3,..., n units or observations.
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A sample that is drawn without bias is termed a random sample. The larger whole of units, which is to be the
subject of sampling (e.g. all students at a college at the time of a survey), is called a population. (Further
discussion of this concept is provided in 7.1 and 8.1.1.) A sampling frame, on the other hand, is a list of
sampling units from which the sample is taken (e.g. college register). In the subclauses that follow, it will be
necessary to discuss various aspects of the relationship between the sample and the population. But it is first
necessary to introduce certain statistical measures which, from the descriptive viewpoint, may be equally
applied whether the group of units under consideration forms the sample or the population.

With a group of observations, three aspects are of prime importance. These are:

a)

a measure of central tendency:

b)
c)

Th
grg
ap

a measure of the magnitude of the variation;
the pattern of variation.
bre are various methods for measuring the central tendency and the magnitude(of the variatiq

up of observations. An important feature that is, unfortunately, frequently not taken into consider
plication of these measures is the pattern of variation. For example, too often normality (symm

n within a
ation in the
etrical bell-

shaped distributions) is assumed in process capability studies, and constant\failure rates in the specification

of,

Ce

Th

and performance claims for, equipment reliability.
htral tendency is most commonly expressed in terms of:

1) arithmetic mean (or just mean or average): the total of(the’values divided by the number of

2) median: the central value when the data are ranked in order of size and when the
observations is odd; if the number of observations is even, then the median is usually take
average of the two central values;

3) mode: the most frequently occurring value:
b two most frequently used measures of variability are:

i) range: the difference between the smallest and largest values in the data;

i) standard deviation: measures the variation of the data around the mean. The less thg
the smaller the value. When derived from a sample, the value is given by the expressi

S:\/Z(x—z)2 :\/anz—(Zx)z

n—1 n(n—1)
where

Z is the sum of;

values;

humber of
n to be the

b variation,
bNS:

x ___is the individual value;

=I

is the arithmetic mean of the individual values;
n is the number of values;

s is the sample standard deviation.

A summary of the relative advantages and disadvantages of these measures is given in Table 4.

© ISO 2009 - All rights reserved
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Table 4 — Advantages and disadvantages of various statistical measures

Measure Advantages Disadvantages
Mean Easy to understand Affected by very high or low values
Commonly used Need all the data to calculate
Median Unchanged by very high or very low values Slow and tedious to calculate for large

sample sizes unless a suitable calculator
or computer facility is available

Mode Unchanged by very high or low values May be multi-modal
Rangé Easy to calculate Uses extreme values only
Standprd deviation | More efficient than range Less easy to calculate manually

To illustrate these terms, a set of five values is used: 7, 5, 10, 7 and 6. Using these values, the varigus
statistical mneasures are as follows.

Arithmeticmean =(7+5+ 10+ 7 + 6)/5 =7
Median = central value of ordered set, 5,6,7,7,10 =7
Mode = most frequent value =7
Range = maximum value — minimum value=10-5=5
Standard deviation (manual method is shown below) £9,87
Sample ~N 2
value @& | -0

7 0 0

5 -2 4

10 3 9

7 0 0

6 -1 1

n-1 5-1

_3)?
sz\/Z(x ¥ [14 pps

Alternatively, the standard deviation may be obtained much more quickly and directly using a scientific
calculator.
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5.3 Presentation of data

5.3.1 Dot or line plot

Particularly when only a few observations are available, dot or line plots, such as those shown in Figure 1 and
Figure 3, will often give a useful preliminary picture of the situation. Indeed for certain purposes, the
consideration of such a diagram may be all that is needed. The corresponding line plot for the dot plot of
Figure 1 is shown in Figure 12.

Yi

O = N W B O
T

AT AL
380 400 420 440 460 480 500 520 540 560 580

Key

X | strength
Y | number of observations

Figure 12 — Line plot of breakingstrength of wire (Table 1 data)

5.3.2 Tally chart

A fally chart may be applied to both measured and classified data. It is used to visually represent the
freguency of a particular value, or a specific type of event, in a series. The five-bar gate notatign is used.
Expmples are shown in Figure 13 for@aoth measured data and classified events.

21 i open circuit I
22 | short circuit If
23 Ml dry joint S
24 MM solder splash i
25 WM wrong component i |lll
26 I broken lead ll
a) Tally chart for measurements b) Tally charts for eventslcountsl

Figure 13 — Typical tally charts

5.3.3 Stem and leaf plot

The stem and leaf plot displays the pattern of variation of measured data. It is an enhanced form of histogram
or tally chart. In addition to showing the distribution of a set of data, it also shows individual values. Each value
is split into two parts, the first part consisting of the leading digits, which are written downwards along the stem
in ascending order, while the second part of the values, the remaining digits, are written in ascending order
horizontally along the leaf on the line with their leading digits.
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le is shown for the following data in Figure 14.

Data: 29, 28, 41, 36, 36, 59, 50, 61, 44, 48, 35, 42, 53, 33, 31.

5.3.4 Bok plot

The box plot is a very useful tool in exploratory data analysis. It is simple to constructcand easy to interp
Like the dot or line plot, it is used to depict the similarities within, or the differenees between, differ

groupings

Lower limit (LL) = 0y —15xIQR

and

Uppet limit (UL) = 0, +1,5xIQR,

where IQR is the inter-quartile range defined, i.e. IQR = 03 0,. Observations outside these limits may

outliers, a

approximagely 0,7 %.

The box plpt represents a five-number summary of a*data distribution consisting of

X

O fi

&

s
oY

A basic bgx plotconsists of a box, the length indicating the region where 50 % of the readings lie, a med
line, and whiskers extending from the box to the lower and upper adjacent values. Each data value outside

whiskers i
Figure 15.

3

Rird quartile (value aboyve,which %4 of values lie);

stem| leaf
2189
13566

039

3
411248
5

6|1

Figure 14 — Stem and leaf plot for data

pf data. Tukey [130] defines

nd should be checked. If the data are from a normal distribution, the area outside these limitg

edian (mid) value;

st quartile (value below which 4 of values lie);

wer adjacent value= smallest data value > LL;

pper adjacent value = largest data value < UL.

ret.

D
>
—

-

be

an
the

S—drawmas—a pointatongside—the—axisdefimed by the—whiskers—Aboxptotis—shownpictoriatty

In

The box plot may be extended, for example, to include a display of statistical confidence limits around the
median. An absence of overlap of these statistical bounds between groups would indicate statistically
significant differences between the medians of these groups. Also, the width of the box may be varied to
indicate changes in relative size of different groups. Outliers (apparent rogue values) may be shown by an

asterisk.

20
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Key
1 [ 4; lower adjacent value 3 X median, 5 A4, upper adjacentvalue
2 | ¢ first quartile 4 Q3 third quartile

Figure 15 — Box plot

The box plot may be augmented by more formal statistical methods such as analysis of variance (ANOVA).

An[example of the applicability and value of a box plot is shown in Figure #6:-The shade variation of fabric of a
patfticular colour was compared between adjacent panels on typicalcitems of clothing sourced from three
different suppliers. The results are shown in box plot form in Figure 16(

YA
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0,71
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021> |
01 |
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()

wF-——

<Y

Key

1 two extreme values at 1,0 out of 30

X supplier
Y delta E value

NOTE 30 samples tested from each supplier.

Figure 16 — Box plot for Delta E panel shade variation between supply sources
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The box plot indicates considerable variation in standards of performance between suppliers both in terms of
process targeting (indicated by the relative positions of the median) and consistency about that target
(indicated by the differences in lengths of the whiskers). The asterisk indicates two outlying values indicating
lack of control of the dyeing process.

The box plot indicates that:
a) supplier 1 has approximately the same median Delta E value as supplier 2;
b) supplier 2 has a dyeing process with essentially the same variation as supplier 1; two very high values

are also—present—{in—alimited—test—sample—of-30)—which—is—likelv—to—give—rise—to—extreme—customer
Lad \ - Lad VA J J -

dissatjsfaction and a loss of quality reputation by the retailer; if typical of production, major recalls may|be
expedted;

c) supplier 3 has a dyeing process distributed around a low (good) Delta E value with much smaller variatjon
about|that value than the other two suppliers.

The Delta|E results on supplier 3 merchandise indicate what can be, and is being,<achieved in termg of
shading pérformance. This “current state of the art” or “best practice” result then becomes the benchmark or
reference $tandard for all supply sources.

5.3.5 Multi-vari chart

The multidvari chart is a simple pictorial method of indicating and “comparing the magnitude of differpnt
sources of| variation. As such, it is very useful for diagnostic and investigation purposes rather than, and ap a
precursor fo, ongoing process control. It consists essentially of vertical lines joining maximum and minimum
values for|a particular characteristic against a measurement.scale: a max.-min. plot. A dot on nominal size
representd an ideal value. The longer the line, the greater the variation.

Take a turhed diameter where three consecutive components are taken from production and measured each
hour. A clqck gauge is used which records maximum‘and minimum values of the diameter of each compongnt
as it is rqgtated. The multi-vari chart in Figure\d7 shows, for three quite different process performance
scenarios, the dominant sources of variation prevailing, namely:
a) within|part (geometric form) variations

b) part tq part variation;

c) time tp time variation.
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Key
1 | scenario 1: Large within part variation X time
2 | scenario 2: Large part to part variation Y value

3 | scenario 3: Large time to time variation

NQTE Maximum and minimum of three consecutive parts every hodr for three hours showing three quite different

prgcess performance scenarios.

Figure 17 — Multi-vari chart as a tool for process variation analysis

5.3.6 Position-Dimension (P-D) diagram

A IP-D diagram can be looked upon as an exiension to the multi-vari chart to handle more than ong feature. A
P-D diagram representing ideal values increlation to, say, ovality and taper of a cylinder, is a horizontal straight

ling on a vertical dimension scale. Ifthis line is coincident with the nominal or targeted value of
mgan of the diameter, then this represénts the ideal situation.

the overall

An|example illustrates its usefulhess. The variation in the outside diameter of a cylinder is being investigated

forlnominal size, ovality and\taper. Measurements are taken at right angles to one another at each

end of the

cylinder as shown in Figure' 18. A, B, C and D, as shown in Figure 18, identified these positional measurement
values. One cylinder~ffom production was measured every shift for 4 shifts. The machine tool was then

overhauled and anether set of readings taken.

- :
A -
FAT T

Figure 18 — Measurements on cylinder to determine nominal size, ovality and taper
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Figure 19 provides the reference standard for this diameter and is used for judging the degree to which the
diameter meets the preferred nominal value and the extent of geometric form variation present.

Key
1 ideal
NOTE
Regarding
a) ovality:
— A
— th
b) taper:
— th
— th
c) overa
— th
— th
d) overh
— in
th
24

1 2 3

YA AB A C

AB CD \\ R 4

CD

2 pure taper 3 pure ovality 4 nominal value Y. “{diameter

AB indicates A is coincident with B dimensionally and CD indicates C is coincident with/D-dimensionally.

Figure 19 — Measurement on cylinder — P-D diagrams showing ideal'diameter values,

pure taper and pure ovality

Figure 20 and the factors under investigation:

> B indicates ovality at the AB end and C > D indicates ovality at the CD end;

is progressively increases with time until overhaul;

is, too, progressively increases with time until overhaul;

| diameter size:

e mean of A, B, C and.D gives an estimate of the overall average diameter;
is progressively decreases away from its nominal value until overhaul;

hul:

nprovements in overall diameter aim, and geometric form variation, with some ovality remaining
eAB-end.

e mean of A and B exceeding the mearrof C and D indicates taper along the length of the cylindér;

N

at
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Key
1 | before overhaul 2 after overhaul X ‘time Y diame

NQTE The dashed, vertical line indicates the time of the overhaul; on-the left-hand side of the line, the situ
the| overhaul is presented, and on the right-hand side, the situation“after the overhaul. The dashed ho
regresents the nominal value.

and increase in geometric form variation'and the beneficial effects of overhaul

5.3.7 Graphical portrayal of frequency distributions

en only a few observations are available, dot or line plots as shown in Figures 3 and 12 or ste
pldts as in Figure 14 will often suffice.However, with a larger number of observations, and once thg
of dependency has been discounted, it is generally found convenient firstly to arrange the data in
value order, the total observedirange of variation in the measured characteristic is then d

ter

ation before
rizontal line

Figure 20 — Measurement on cylinder — P-D diagrams indicating progressive decrease of mean

m and leaf
possibility
numerical

vided into

convenient equal intervals, and the number of observations falling into each interval is counted. This number

is fermed the frequency for\that interval and the resulting tabulated series of numbers shows the
ribution. A simple method called Sturge's rule, i.e.

Number of classes = 1+ 3,3 x logjo(number of observations)

frequency

tions. This

number of
simplicity,

s-intervals actually chosen in a particular case should ultimately be chosen on the grounds of
i i isisi i that follows

Table 5 — Guidance on number of classes to select in terms of number of observatio

ns

20 46 91 191 371 751 1501 | 3001 [ 600

Number of to to to to to to to to to

observations

45 90 190 370 750 1500 | 3000 [ 6000 |12 000

1

Number of classes 6 7 8 9 10 1 12 13 14
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A grouped frequency distribution may be represented in a number of ways. Typical ones are:
a) frequency table;

b) frequency tally chart;

c) histogram;

d) cumulative frequency table;

e) cumulagtive-fregaeney-plet
The applicption of each of these methods is illustrated by example.

EXAMPLE Quality of zinc-coated item after galvanizing:

Selected tdst specimens typical of production are required to withstand a standard 4 min acid ,bath”immersion fest
following gglvanizing. Some 200 results that have accumulated over a period of time are used as,the basis for this stdy.
Measuremgnts were taken to the nearest 0,1 min.

The results| extended from 4,3 to 9,4. Sturge's rule suggests 9 class intervals for 200 _results. This would give class
intervals of (9,4 min — 4,3 min)/9 = 0,57 min. The results were arranged in ascending order’and the actual class intefval
chosen wag 0,5 min for greater simplicity and clarity. The resulting frequency and pefcentage frequency tabulation jare
shown in Tgble 6.

Table 6 — Frequency and percentage frequency table for immersion times withstood by test specimen

Immersion No. of observations Frequency
min (Frequency) %

4,1t04,5 2 1

4,6105,0 5 2,5

51t05,5 18 9

5,6 10 6,0 27 13,5

6,1t06,5 26 13

6,6t07,0 39 19,5

7,110 75 29 14,5

7+6)to 8,0 25 12,5

8,1t08,5 19 9,5

8,61t09,0 6 3

9,1t09,5 4 2
Table 6 illystrates that a frequency table summarizes a set of data by showing how often values within each
class interiial-o and that it may be enhanced by tabling the percentages that fall within each cateqo

This permits some feel for how the data, as a whole, are distributed.

Various pictorial representations of the test data of Table 6 are shown in Figure 21 to Figure 26. They further
enhance perception of the shape and pattern of the distribution of the data and its relation to the lower
specification limit of 4 min.

The horizontal axis of the histogram corresponds with the variable characteristic and the frequency of
observations in a given interval is represented by a rectangle of height proportional to this frequency, standing
on the appropriate base element. Using this method, frequency in the table corresponds with area in the
histogram.
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Figure 21 — Frequency histogram for immersion times in Table 6
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Figure 22 — Percentage frequency histogram for immersion times in Table 6
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Sometimes, it adds to understanding if relative (percentage) frequencies rather than actual counts of
frequencies are used to construct the histogram. It also demonstrates the intermediate step to be taken in
constructing a cumulative percentage frequency diagram.

The cumulative relative frequency diagram shows the percentage of observations falling below (or above)
particular values. By way of illustration, in Figure 23 it is seen that 58,5 % fall below 7,0 min. Hence, this is a
very useful diagram for determining the situation in relation to specification limits (lower and upper).

It should be borne in mind that the cumulative percentage values relate to the upper limit of the class interval
and not to the mid-value.
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Figure 23 — Cumulative percentage frequency histogram for immersion times in Table 6
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Figure 24 — Cumulative percentage frequency diagram for immersion times in Table

The cumulative histogram can alternatively bevexpressed in the form of a smooth curve as
Fidure 24, or preferably as a straight line by-transformation of the vertical scale. This latter cong
deyeloped later in this clause.

The diagrams of Figure 21 to Figure 26 portray the actual situation for a sample size of 200. W
pradicted about the galvanizing quality of production as a whole from this sample, assuming that t
is,|and continues to be, stable~about the present mean? This is where statistical modelling
appropriate probability distribution can provide worthwhile quantitative information. A best fit
distribution to match the actual frequency distribution is sought.

In [the zinc plating ease; the frequency histogram for immersion time (Figure 21) indicates a b
symmetrical patternyof variation about the mean. This is typical of the normal or Gaussian distrik
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However, a large number of the symmetrical frequency distributions met with in practice in the quality domain
may be adequately represented by the normal curve. Does the normal distribution provide a reasonable fit to
the immersion time data? The answer is given visually in Figure 25.
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Figure 25 — Normal curve overlaid on theXimmersion time histogram
(mean = 6,79; standard.deviation = 1,08)

h calculated mean and standard deviation.of the 200 results, the normal curve has been fitted to
fogram form as shown in Figure 25. These show, by eye, a good correspondence between the {
that a normal distribution with a-‘mean of 6,79 min and standard deviation of 1,08 min ig

reasonable representation, or model, of the“dctual data. There are a number of formal statistical tests

departure
these tests

A simple,
on normal
as having

from normality. These includéxthe Shapiro-Wilk and Epps-Pulley tests (for more information
see ISO 5479 [18]),

bractical, effective and graphical method involves the plotting of cumulative percentage frequeng
probability paper. If'stich a plot follows a straight line, then the sample can reasonably be regarg
come from a nofmal distribution. If the plot indicates a systematic departure from a straight li

then the shape of the plot'eften suggests the type of distribution it represents. For example, a plot that form

concave ¢
curving up
probability
of the anal

Lirve (curving.downwards in the middle) would result from a log-normal distribution, whereas a
wards af€its ‘centre would result from an exponential or a gamma distribution. The plot on nor
paper is-often called a quantile-quantile diagram or a Q-Q plot and is done automatically as a
ysisiin'many statistical software packages.

he
WO

a
for
on
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he,
S a
lot
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art

In addition

1o checking tor normality, this method Is used extensively In statistical process control Tor capab

and performance measurement (see 6.1.7).

lity

An example of this test applied to the galvanized item immersion data is shown in Figure 26. It is seen that the
normal cumulative probability scale shown on the vertical axis of Figure 26 transforms the bell-shaped normal
distribution into a straight line when plotted against immersion times.
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Figure 26 — Straight line plot on normal probability paper indieating normality of data in Table 6

Whatever the distribution, it is desirable to work in terms of a straight line reference standard for aj[number of
regsons:

1) | it permits a simple immediate visual test of fit against’the underlying distribution (normal here);

2) | it makes for ease of extrapolation and so facilitates numerical prediction of the likelihood of haying values
in a larger lot or consignment outside of those‘éxperienced in the sample;

3) | it facilitates the correction of individual measurements and other errors;

4)| it gives an immediate visual appraisal of the relationship of the data to any specification limits of reference
standards in terms of both targeting and variability;

5)| for an incapable process;-itiimmediately provides an estimate of the proportion of values lkely to be
above and/or below specification limits;

6) | it serves as a diagnostic tool to detect divergences from the model; for instance, a smooth ¢oncave or
convex plot on anermal probability plot indicates skewness of the data.

Usjng probability/paper based on the normal or other standard statistical distributions to represent data thus
offers many-~practical advantages in the interpretation of results from samples. These othef standard
distributions.include the fixed shape log-normal and extreme value distributions for moderately skewed data
angl the versatile multi-shaped Weibull distribution. The Weibull distribution is used extensively in the reliability
field to model the various reglmes of fallure mfant mortallty (decreasing fallure rate), prime of lif¢ (constant
fail be plotted around the best
estlmate stralght I|ne plots. These would be represented by curves.

5.3.8 The normal distribution

The previous example suggests the important descriptive part that the normal curve can play, always provided
that its suitability to represent the type of variation in question has first been established. It would seem
appropriate to take this opportunity to discourage a common belief. There is no magic about the normal curve
that if a distribution follows this law then that is proof that the process giving rise to the product or service is, in
fact, in control (i.e. stable). To arrive at reasonable judgements on past performance and to make rational
predictions of future performance based on accumulated data, it is necessary to have prior knowledge that no
special causes of variation were present over the period in which the data were gathered.
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The name

normal distribution originates from its use in pioneering statistical studies of human populations.

For a process not in control, the variation in its output is unpredictable. A primary role of statistical process
control is to ensure, and assure, process stability. However, the normal distribution is the one most frequently
encountered in many processes.

Moreover, the distribution of means of samples, or subgroups, will be very close to normal, even when the
sample size is as low as 4 or 5, in cases where the distribution of individuals is distinctly non-normal.

The normal distribution is a two-parameter distribution uniquely described by its mean and standard deviation.
Consequently, its characteristics can be made available in a convenient, practical format for users. This will

initially be
shows a s
key percer
Figure 27
deviations

Figure 27
a) 99,73

b) of the
mean

Illustrated generally in a graphical manner and, secondly, in the form of a table (Table 7). Figure
tandardized symmetrical bell-shaped curve that characterizes this distribution. Additionally;~so
tages are included in relation to distances from the mean in terms of standard deviations~Whilst
and Figure 28, the normal curve appears to end at some finite value about + 3 tey4.'stand

from the mean, mathematically it extends to infinity in both directions.
()‘,135% B 99,73 % . 0,1351/0
B 95,45 % .
B 68,27 % -

A
 J

1A S~

I |
-4 -3 -2 -1 0 1 2 3 4

Figure 27 — Percentages of normal distribution in relation to distances
from the mean in terms of standard deviations

llustrates that for @a.normal distribution
% of values lie-within the limits: mean + 3 standard deviations;

remaining/ 0,27 %, 0,135 % lie below the mean -3 standard deviations and 0,135 % above
+3 standard deviations;

c) 9545

27
me
in
ard

the

%-of the values lie within the limits: mean + 2 standard deviations;

d) justover two thirds (68,27 %) of the values lie within the limits: mean + 1 standard deviation.
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This demonstrates a simple but useful property of the mean and standard deviation. Such a diagram shows
the effectiveness of the normal distribution in predicting, from a sample, the proportion of the population lying
within a specified range or above, or below particular limits. Whilst it is helpful in conveying certain principles,
it is, however, not of sufficient resolution to be of real value in practice. Table 7 provides this by giving the
probabilities of exceeding z in a standard normal distribution, i.e. a normal distribution with mean 0 and
standard deviation 1. Because of the symmetry of the normal distribution, Table 7 also provides the
probabilities of falling below —z in a standard normal distribution. The probability of exceeding z in a standard
normal distribution is the same as exceeding a point U that is z standard deviations above the mean in any
normal distribution. Similarly the probability of falling below —z in a standard normal distribution is the same
as falling below a point L that is z standard deviations below the mean in any normal distribution. Those

EX|

A S
hei

By

Su

NG
cof

TE 1 Example 2 following Table 7 shows how the percentage above or below a selected value cah-be
en the mean and standard deviation are known. An alternative to the use of Table 7 is the application of the
bability plot shown in Figure 26 for making similar predictions.

AMPLE 1 Clothing size survey:

ize survey conducted on a random sample of a prospective customer base indicated that one particular cH
pht, was normal with a mean equal to 175 cm, and a standard deviation equal to /#8\cm.

using the results of the survey, it was predicted, for instance, that:
16 % (15,87 %) of the target customer population are taller than 182,5 cm (mean + 1 standard

25 % (25,14 %) of the target customer population are, shorter than 170 cm (mean -5
deviation);

NOTE The b arises as 175 minus 170 expressed as‘a‘fraction of the standard deviation.
59 % (58,99 %) of the target customer population‘are between 170 cm and 182,5 cm.
Ch estimates enable appropriate size ratios.of garments to be ordered.

TE 2  Figure 27 and Figure 28 and Table 7 relate to a theoretical distribution representing a whole po

determined
straight line

aracteristic,

leviation);

x standard

bulation. By

vention, population parameters are symbolized by lower case italic Greek letters (e.g. population mean= x and
population standard deviation = o).

Key

1

1
L U
- 2 3
- e
/ \
mean 2 percent below L 3 percent above U

Figure 28 — Standard normal probability density with indications of percentage expected

beyond a value, U or L, that is z standard deviation units from the mean
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In the real life examples shown, sample statistics are used to provide estimates. By convention, sample
statistics are distinguished from population parameters by italic Roman letters (e.g. sample mean = x or
X and sample standard deviation =s or S). Sometimes such sample statistics are limited to upper case to
distinguish from their actual realization, which are then shown in lower case. In this standard, this latter

distinction is not used because of common usage considerations in the application areas concerned.

Clause 8 deals with the statistical relationship between sample and population.

Table 7 — Probabilities (in percent for z < 4 and in parts per million for z > 4,0)
of exceeding z in a standard normal distribution

z 0,00 0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09
6,0 0,001 0,0009 | 0,0009 | 0,0008 | 0,0008 | 0,0007 | 0,0007 | 0,0006 | 0,0006 | 0,0006
,0 0,2867 | 0,2722 | 0,2584 | 0,2452 | 0,2328 | 0,2209 | 0,2096 | 0,1989 | 0,188 7 0,179
4,0 31,67 30,36 29,10 27,89 26,73 25,61 24,54 23,51 22,52 21,57

NOTEFor z > 4,0, values are given in parts per million.
z 0,00 0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09
5 0,0233 | 0,0224 | 0,0216 | 0,0208 | 0,0200 | 0,0193 | 0,0185 | 0,0178 | 00172 | 0,0165
4 0,0337 | 0,0325 | 0,0313 | 0,0302 | 0,0291 | 0,0280 | 0,027 0 | 0,026 O]\ 0,025 1 | 0,024 2
3 0,0483 | 0,0466 | 0,0450 | 0,0434 | 0,0419 | 0,0404 | 0,0390 | 0,087-6~| 0,0362 | 0,034 9
2 0,0687 | 0,0664 | 0,0641 | 0,0619 | 0,0598 | 0,0577 | 0,0557 | 0;0538 | 0,0519 [ 0,050 1
A 0,096 8 | 0,0935 | 0,0904 | 0,0874 | 0,0845 | 0,0816 | 0,0789,| 0,0762 | 0,0736 | 0,071 1
,0 0,1350 | 0,1306 | 0,126 4 | 0,1223 | 0,1183 | 0,1144 | 0,1407 | 0,107 0 | 0,103 5 | 0,100 1
29 0,1866 | 0,1807 | 0,1750 | 0,695 | 0,1641 | 0,158 9 |.0,4538 | 0,148 9 | 0,144 1 | 0,1395
2,8 0,2555 | 0,2477 | 0,2401 | 0,2327 | 0,2256 | 0,218 6+))0,2118 | 0,2052 | 0,198 8 | 0,192 6
27 0,3467 | 0,3364 | 0,3264 | 0,316 7 | 0,307 2 | 0,2980 | 0,2890 | 0,2803 | 0,271 8 | 0,263 5
26 0,466 1 | 0,4527 | 0,4396 | 0,4269 | 0,4145 | 04025 | 0,3907 | 0,3793 | 0,3681 | 0,357 3
25 0,6210 | 0,6037 | 0,5868 | 0,5703 | 0,554 3-4,0,5386 | 0,5234 | 0,508 5 | 0,4940 | 0,4799
24 0,8198 | 0,7976 | 0,776 0 | 0,7549 | 0,7344 | 0,7143 | 0,6947 | 0,6756 | 0,6569 | 0,638 7
2,3 1,072 1,044 1,017 0,9903 |+09642 | 0,9387 | 09137 | 0,8894 | 0,8656 | 0,8424
22 1,390 1,355 1,321 1,287 1,255 1,222 1,191 1,160 1,130 1,101
21 1,786 1,743 1,700 1,659 1,618 1,578 1,539 1,500 1,463 1,426
2,0 2,275 2,222 2,169 2,118 2,068 2,018 1,970 1,923 1,876 1,831
9 2,872 2,807 2,743 2,680 2,619 2,559 2,500 2,442 2,385 2,330
,8 3,593 3,515 37438 3,363 3,288 3,216 3,144 3,074 3,005 2,938
Ve 4,457 4,363 4,272 4,182 4,093 4,006 3,920 3,836 3,754 3,673
,6 5,480 5,370 5,262 5,155 5,050 4,947 4,846 4,746 4,648 4,551
5 6,681 6,652 6,426 6,301 6,178 6,057 5,938 5,821 5,705 5,592
4 8,076 74927 7,780 7,636 7,493 7,353 7,215 7,078 6,944 6,811
3 9,680 9,510 9,342 9,176 9,012 8,851 8,692 8,534 8,379 8,226
2 14,541 11,31 11,12 10,93 10,75 10,57 10,38 10,20 10,03 9,853
A 43,57 13,35 13,14 12,92 12,71 12,51 12,30 12,10 11,90 11,70
,0 15,87 15,62 15,39 15,15 14,92 14,69 14,46 14,23 14,01 13,79
R) 1841 1814 17,88 17,62 7,36 t7 11 16,85 16760 1635 6 1t
0,8 21,19 20,90 20,61 20,33 20,05 19,77 19,49 19,22 18,94 18,67
0,7 24,20 23,89 23,58 23,27 22,97 22,66 22,36 22,07 21,77 21,48
0,6 27,43 27,09 26,76 26,43 26,11 25,78 25,46 25,14 24,83 24,51
0,5 30,85 30,50 30,15 29,81 29,46 29,12 28,77 28,43 28,10 27,76
0,4 34,46 34,09 33,72 33,36 33,00 32,64 32,28 31,92 31,56 31,21
0,3 38,21 37,83 37,45 37,07 36,69 36,32 35,94 35,57 35,20 34,83
0,2 42,07 41,68 41,29 40,90 40,52 40,13 39,74 39,36 38,97 38,59
0,1 46,02 45,62 45,22 44,83 44,43 44,04 43,64 43,25 42,86 42,47
0,0 50,00 49,60 49,20 48,80 48,40 48,01 47,61 47,21 46,81 46,41
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EXAMPLE 2 Use of Table 7:

Specified tolerance =42+ 4

Mean =40

Standard deviation = 2,2

Process is in statistical control with an output that is normal.

What percentage is expected outside the specification limits?

To[find the percentage above the upper specification limit:

_ upper specification limit (U)—-mean _46-40 273
upper standard deviation 2,2 ’

VA

Enfer Table 7 at 2,73 (2,7 from the left and 0,03 from the top as indicated by the arrows)to give 0,32 % aboye the upper
sp¢gcification limit.

Toffind the percentage below the lower specification limit:

mean —lower specification limit (L) 40-38
standard deviation 2,2

=0,91

Ziower =

Enfer Table 7 at 0,91 (0,9 from left and 0,01 from the top) to give 1841 % below the lower specification limit.

Hepce, the expected total fraction nonconforming is 0,32 % +48/41 % = 18,73 %.

5.3.9 The Weibull distribution

5.3.9.1 General

Magst of the earlier discussion has béeh based on the assumption that the population or populatjons under
consideration are normally distributed, at least approximately. This assumption is found in practice [to be valid
for|a very wide range of situations: However, it is not appropriate for distributions that are typically skewed,
angl the Weibull distribution provides a better approximation to the kind of skewed distributions oftef arising in
time-to-failure or breaking-strength data. For the purposes of discussion, we shall suppos¢ that the
characteristic in question.is a failure time, and denote it by 7. Here we shall briefly consider the simplest form
of the Weibull distribution, with two parameters « and g where « controls the scale and S the shape. In the
three-parameter \Weibull distribution, the third parameter is the threshold which is the smallest dbservation
possible. The smallest observation possible is 0 for the two-parameter Weibull distribution. The three-
pafameter Weibull distribution is briefly mentioned in 5.3.9.5.

The probability density of the two-parameter Weibull distribution is as follows:

g
ft)= ﬁ(ijlm e_bJ ,fort>0 (1)

a\a

For g =1, the expression [Equation (1)] simplifies to

t
f(t)="e @ fort>0 )
a
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which is the density of the exponential distribution with mean equal to «a. Figure 29 shows the way the Weibull
density function changes shape for the case « =1 as gincreases from % to 4. Four different situations can be
distinguished and they are described as follows:

1) pB< 1 represents a range of hyper-exponential distributions;
2) p=1represents an exponential distribution;

3) 1< /<3,5represents a range of skew distributions with the skewness decreasing as beta increases until
at about 3,5 the distribution looks roughly symmetrically normal;

4) pB>3,p represents a distribution that stays largely symmetrical (slight skewness) and becenjes
progrgssively more peaky as beta increases.

Increasing|or decreasing « has the effect of simply stretching or compressing the horizontal scale

The probability that the failure time is less than ¢ is given by Equation (3):

B
F(t) - 1—e_[‘;] fort>0 3)

The reliabjlity function, sometimes called the survival function, R(t), is thecprobability that an item is still
functioning at time ¢, so it is the complement of F(¢), i.e.:

t

o
R(t)H1-F(t)=e \*’/ fort>0 (4)

It is often impracticable to continue a trial until all the members of the sample reach the end of their lives. For
example, fwenty light bulbs may be switched on and left:burning in order to provide information about their
lifetime digtribution. To prevent the trial going on indefinitely, a time limit may be set, say at 1 500 h, at whiich
time the trjal will be stopped. Alternatively, it may be(decided in advance that the trial will be stopped whep a
specified pumber, say 15, of the light bulbs have_burnt out. Both lead to what is called censored data, the
former with respect to time and the latter with~respect to numbers of failures. For small samples, it can|be
important when estimating parameters and calculating confidence intervals to take account of which typg of
censoring was used.

5.3.9.2 The failure rates of the Weibull distributions

Because df the application of the"Weibull distribution to reliability or survival data, it is convenient to consifder
the (instantaneous) failure rate~(also known as the hazard rate) of the Weibull distribution. It is the ratio of fhe
density furjction [Equationi(1)] to the reliability function [Equation (4)], so it is

r(t) = ﬁ(i)ﬁ_1 for ¢ >0 (5)

a\og

The prob hility that an item will fail in the small interval hetween time ¢ and ¢+ dt gi\/nn that it has bheen
functioning up to time ¢ is given as »(¢)dz, where d¢ is the length of the short interval.

The three possible failure regimes are often represented by the generic bathtub curve, that of infant mortality
(decreasing failure rate), prime of life (constant failure rate) and wear-out (increasing failure rate).

The Weibull g parameter distinguishes between these regimes, thus:
a) p<1represents a decreasing failure rate regime (colloquially called infant mortality);
b) =1 represents a constant failure rate regime (often called prime of life);

c) > 1represents an increasing failure rate regime (frequently termed wear-out).
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So the failure rate of a Weibull distribution does not look like a bathtub curve. It is either decreasing, constant,
or increasing.

Yi

3

2,5

/“
ST TN

1,5 2 2,5 3

<V

0 0,5

—_

Key

X |t
Y | probability density

Figure 29 — Comparison with Weibull distributions, all with =1

5.3.9.3 Does the Weibull distribution fit the data?

Although it is somewhat_subjective, the easiest way to check if the two-parameter Weibull distrjbution will
prqvide a reasonable fit'to)a given set of data is to use a graphical method. It is based on the fact, which
follows from the expression for the reliability function [Equation (4)], that:

p
In[-In(1~E£())] = In{(L) ]: BIn(t)- Bin(a) (6)
[04

whijchis a straight line relationship between In[-In(1 — F(¢))] and In(z).

The plotting procedure is as 1ollows. The n sample values are 1irst arranged in ascending order to give the
order statistics fy), {j], ..., 1], i.€. such that gy <9 <... <1,)- For each 7;;, the value of F(7;) is estimated
by (i —0,5)/n, and the point with co-ordinates (In(z;;), In{-In[1—(i - 0,5)/n]} is plotted. If the data is a sample
from a Weibull distribution, the plotted points will lie approximately on a straight line. The reason that the
plotted points will only approximately lie on a straight line even if the data is a sample from the Weibull
distribution is that (i — 0,5)/n is just an estimate of F(7;;), and all estimates are subject to random variation. So
this graphical method consists of making the plot as described and deciding whether or not the points lie
approximately on a straight line. It is the last part that is described as somewhat subjective in the beginning of
this clause.

The graphical method is illustrated with the data in the example in 5.3.9.4, and the plot is shown in Figure 30.
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5.3.9.4 Example: Days between accidents in a company

The following data are the times in days between accidents in a large industrial plant. The data are recorded
in days except for one case, where two accidents occurred within a few hours on the same day. The data are
given ascending order in column 1 of Table 8. The calculations needed to make the plot to check if the data
can be described by a Weibull distribution are given in columns 2 to 5. Column 2 contains the natural
logarithm of the observations, which will be plotted along the first axis. The remaining three columns go
through the calculations needed to find the quantity that will be plotted along the second axis. First, the
observations are numbered from 1 to » in column 3. This number is used to calculate (i — 0,5)/n which is
shown in column 4. Finally, the logarithm of minus the logarithm of the values of column 4 is shown in the fifth

column. The\Mleibull nlot of Eigure 30 is obtained-byv plotting-the second-column-against-the fifth- column
. g 9 P 9 )

The pointg lie sufficiently close to a straight line, so the plot confirms that the data can be described’ by a
Weibull digtribution. The full line on the plot is a line fitted by eye, or rather by least squares. The dashed ljne
correspondls to the Weibull distribution fitted by the maximum likelihood method.
Table 8 — Days between accidents in the first column sorted in ascending order
Days_ twe_en Logarithm (In) Number_
asiii'SIr;‘ilZer setween | after ordering (1= 0.5y Inf-in[1i-0,5)/}
accidents i

02 -1,61 1 0,022 -3,81

0,00 2 0,065 -2,70

p 0,69 3 0,109 -2,16

o 1,39 4 0,152 -1,80

b 1,61 5 0,196 -1,52

b 1,61 6 0,239 -1,30

D 2,20 7 0,283 -1,10

10 2,30 8 0,326 -0,93

o 2,30 9 0,370 0,77

o 2,30 10 0,413 0,63

16 2,77 11 0,457 -0,49

42 3,09 12 0,500 -0,37

4 3,18 13 0,543 -0,24

46 3,26 14 0,587 -0,12

46 3,26 15 0,630 -0,01

28 3,22 16 0,674 0,11

30 3,40 7 O, 717 0,23

32 3,47 18 0,761 0,36

50 3,91 19 0,804 0,49

64 4,16 20 0,848 0,63

91 4,51 21 0,891 0,80

94 4,54 22 0,935 1,01

150 5,01 23 0,978 1,34

NOTE The second column is plotted against the fifth column to produce the Weibull plot of Figure 30.
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Before the pocket calculators and computers became common, it was customary to use Weibull plotting
paper, where the transformations given in Table 8 have been applied to the axes, so the ordered observations
can be plotted directly against the estimates of the distribution function (i — 0,5)/n expressed in percent, i.e.
against 100(i — 0,5)/n percent. This tradition is carried forward in today's statistical software where a Weibull
probability plot is exactly as described. An example is shown in Figure 31, where the original observations
(column 1 of Table 8) are plotted against the estimates of the distribution function (column 4 of Table 8),
expressed in percent.

Yi
2=
1B
0
A1
2 F
3E
- o//
p A L b e e b b e | -
X (2 41 0o 1 2 3 4 5 6 X
Yl
Key
X | logarithm ofiprdered observations, Int(,-)
Y | In{-In[1(7- 0,5)/n]}
Th¢ full ine on the plot is a line fitted by eye, or rather by least squares. The dashed line corresponds to[the Weibull
distrihution fitted hy the maximum likelihood method The plnf is pqui\/nlpnt to the prnhnhility plnt of Figurp 31

Figure 30 — Q-Q plot to assess the fit of days between accidents (data in column one of Table 8)
to a Weibull distribution
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Figure 31 — WeibulKprobability plot of days between accidents (data in column one of Table 8)

5.3.9.5 [The three-parameter Weibull distributions

On those ¢ccasions when the possibility of failure (or the origin of the distribution) does not start at time zgro,
the third Weibull parameter, y, comes into play as the point in time where the possibility of failure begins. The
formulas for the density function, the reliability function, and the instantaneous failure rate are easily obtained
by substituting ¢ — y for ¢ everywhere in the formulas.

The formula for the instantaneous failure rate for the three-parameter Weibull distribution, for example, is

-1
r(t):ﬁ("_VJ fori—y>0 @)

a a
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Reliability illustrations are when it is feasible for an entity to fail before operation. For example, it fails on the
shelf or is found dead on delivery. When y is not zero, such a situation is recognized in a Weibull probability
plot by the data points lying on a smooth curve rather than on a straight line. In such a case, the estimated
value of y is subtracted from each of the plotted points and the new values re-plotted. It may take a few
iterations to arrive at a best estimate straight line and hence at a reliable value for y.

5.3.10 Graphs

A graph is essentially a representation of data by a continuous curve (a line on a graph may be referred to as
a curve even though it may be straight). Graphs are constructed to provide visual communication of
information with Clality ana precision. 1nere are various 10rms O grapns, such as the 10lowing.

a) | arithmetic (linear): these are the most familiar and are easily identified by the fact that beth)hor|zontal and
vertical scales are arithmetic (linear) (see Figure 32);

b) | log-linear: semi-logarithmic graphs have a linear horizontal scale and a logarithmic-vertical scale and are
used to display rates of change; a constant rate of change will appear as a straight line;

c) | log-log: these have both scales logarithmic and are used to express learning curves in straight line form;

d)| Q-Q plot or probability plot: these transform a regular pattern.of.-variation into a straight line (see
examples in Figure 26, Figure 30 and Figure 31);

e) | nomograph: these provide graphical solutions to formulae.

5.3.11 Scatter diagram and regression
A scatter diagram or scatter plot is used to display possible relationships between one variable arjd another.

Offen a sample correlation coefficient is calculatediwhen the covariance of two variables is of inferest. The
expression for the sample correlation is

L YEe-y)
-2 (-5

The data in the table below is plotted as data set A in Figure 32.

Observation
1 2 3 4 5 6 7 8 9 10 11
X 10 8 13 9 11 14 6 4 12 7 5
Y 3,04 6,96 7,58 8,81 8,33 9,96 7,24 426 | 10,84 | 4,82 5,68

Taking, this data set as an example, we calculate the numerator as

D(x-%)(y-7)= ny—(Zx)(Zy)/n =797,600 0-99-82,51/11= 55,01

and the two sums of squares in the denominator as

3 (x-7)% = x2 —(Zx)z/n =1001-99-99/11=110

and

S (v-7)2= 2 —(Zy)z/n = 660,1727 - 82,51-82,51/11= 46,6616
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Finally, the sample correlation coefficient is calculated as

r=A=O,816

\/110-46,6616

The sample correlation coefficient is always between —1 and 1, and it is 1 if the data points is on a straight line
with a positive slope. Similarly, the sample correlation is —1 if the data points lie on straight line with a negative
slope. This occasionally leads to the misconception that the sample correlation coefficient measures the
degree of linearity of two variables in a sample. This is not the cases as is illustrated by the four samples in
Figure 32.

Anscombg [65] has given four data sets of observations on pairs of variables. The scatter plots are-giverj in
Figure 32.| All four cases give rise to the same fitted regression line and the same sample ‘correlajon
coefficient| but it is only data set A for which it might make sense to fit a regression line or to report'a sample
correlation| coefficient.

This emphasizes that when the relationship between two variables is of interest, it is very important to make
the scatter diagram before any assumptions are made about the nature of the_relationship. Indegd,
Figure 32 B indicates a possible quadratic relationship between Y and X, Figure(32'\C indicates a possiple
linear relationship together with a single outlier, while Figure 32 D simply shoWws variation in Y at X8
together With a single value of Y at X=19, which is insufficient to indicate the form of any underlyjng
relationship between Y and X.
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Figure 32 — Scatter diagrams of four data sets that all have the same correlation coefficients ()
and fitted regression lines
5.3.12 Pareto (or Lorenz) diagram
A Pareto diagram is a simple graphical technique for displaying the relative importance of features| problems
or fauses of.problems as a basis for establishing priorities. It distinguishes between the vital few ang the trivial
mgny andihence focuses attention on issues where maximum quality improvement may be sequred most
quickly.

It displays, in decreasing order, the relative confribution of each element (or cause) to the total situation
(problem). Relative contribution may be based on relative frequency, relative cost or some other measure of
impact. Contributions are shown in bar chart form. Sometimes a cumulative line may be added to show the
accumulated contribution. An example is shown in Figure 33, which shows that orange peel and sags and
runs make up some 65 % of total paint faults in a particular paint shop. These were selected for priority
attention in a quality improvement drive.
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Figure 33 — Relative contribution of different types of in-process paint faults

use and effect-diagram

nd effect \diagram is frequently referred to as a fishbone diagram (because of its shape) or

ion

an

Ishikawa diagram-(after its creator). It applies where it is required to show, pictorially, cause and effect

relationshi

ps: There are several types, based on the formation of the main branches (categories), including:

a) general 4M (manpower, machines, materials, methods);

b) general 4P (people, procedures, plant, process);

c) process (by process steps and sequence);

d) assembly (by subassemblies);

e) specific (by technical consideration).

A process cause and effect diagram for a foundry process is shown in Figure 34. An earlier example is given
in Figure 2.
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Figure 34 — Process cause and effect diagram for cracks in a casting

6 | Variation and sampling considerations
6.1 Statistical control and process:capability

6.1.1 Statistical control

Popt-process 100 % inspection_is often neither practicable, relevant nor timely enough to meet todgy's needs.
Mdnitoring in real time is required to enable processes to be steered and managed in an effective manner.

Frgm economic considerations, amongst others, monitoring usually involves the assessment of process
pafameters and resulting product characteristics from a limited number of observations or items,| which are
defined in statistical'terms as a sample.

It is essentialto take the variation between similar items or observations into account when consjdering the
relation of-the sample to the totality of objects under consideration. This is true whether the object i§ a process
parfameter such as teeming temperature, a constituent of a material such as fraction silicon (inh %), or a
charaeteristic of a product such as a the diameter of a rod. In all cases where sampling is undertaken,
estimates for the totality of objects under consideration can only be answered satisfactorily with the aid of
statistical treatment.

Two statistical definitions, relating to population and lot, are relevant to an understanding of the following text.
A population is defined as the totality of objects under consideration. A lot is defined as a definite part of a
population constituted under essentially the same conditions as the population with respect to the sampling
purpose.

The relationship between sample and lot is the kernel of the problem. In discussing it, it is necessary to
introduce certain ideas that may appear difficult because they are unfamiliar. The following paragraphs, if
studied in conjunction with Figure 35, should convey the essential features of the statistician's method of
approach.
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Suppose that Figure 35 represents the results of tests made at a supplier on similar articles or component
parts sampled five at a time, at regular intervals during production. For example, the data may relate to the
number of millilitres of battery acid per bottle, or to the minimum temperature of operation of a certain device,
etc. The results of each sample of five tests are shown in the figure as dots, with the measurements displayed
on a horizontal scale. Six cases are presented, numbered 1 to 6, in each of which the results of 12 samples
from consecutive lots are shown.

Beneath the dots for each case, curves have been drawn. These represent the hypothetical distribution of the
measured characteristic that would be found were it possible to test all the items in the 12 lots that have been
sampled.

Consider gase 1. There are, of course, considerable differences between the dot patterns of the 12 samples.
Yet a certdin stability or uniformity in the variation from sample to sample is evident, which is clearly not'sg in
case 5. Incase 1, there is no indication that the production process is anything but stable through time; as the
samples cpuld quite easily be imagined to have been drawn from the same lot.

If the pattegrn of variation is stable, then:

a) when [all that are available are the measurements of the characteristic in a randgm sample, it is possiple
to usg these measurements to estimate the distribution curve of the characteristic for the process;

b) when fhe distribution curve is known from experience, it is possible to predict the nature of the variation to
be expected from one random sample to another.

Notice tha{ situations a) and b) are the inverse of one another.

In forming|the estimate described in a), the larger the size of the sample, the more reliable the estimate. For
example, fonsider the distribution curve shown for case i1cJts mean and standard deviation would |be
estimated more reliably from 12 samples of size 5 than from\a“single sample of size 5. This is simply common
sense but,[when it is required to draw inferences about the distribution curve that depend on the extent of this
reliability, the assistance of statistical theory is necessary. Much of what follows in this Technical Report is
concerned} directly or indirectly, with the problems of drawing inferences and making decisions related to the
process distribution curves, based on limited information. The construction of confidence intervals, predictjon
intervals apd statistical tolerance intervals, addressed in Clause 8, are but three examples of these problems.

The follow|ng example illustrates situation.b):

EXAMPLE For safety and ease of trarisportation, car batteries are supplied dry, together with plastic bottles of afid.
With too litfle acid per bottle, the battery electrodes will not be fully covered, while if there is too much, the cell of the
battery could overflow or present the*user with the problem of disposing of the surplus acid. Suppose it is known, based on
extensive gxperience, that the-extent to which the bottles are filled varies according to the normal distribution cufve.
Suppose algo that the mean and-standard deviation of this normal curve are known to be 729,0 ml and 2,0 ml respectivgly.
Then statisfjcal theory enables’such statements as the following to be made.

1) The chance'that the mean contents in a random sample of six bottles will fall below 726,5 ml is 0,001 1, or slich
resultymay be expected only once in about 900 samples.

[V

2) Thechance that at least one bottle in a sample of six bottles will contain less than 726,5 ml is 0,488 3, i.e. this
result is over 400 times as likely as the previous result.

Statistical theory leads one to expect these two chances to be entirely different; moreover, statistical theory is able to give
precision to the expected.

When this characteristic of stability of distribution is obtained, as represented by case 1 of Figure 35, the
process will be described as stable, or under statistical control. 1t is then possible to make use of the methods
of statistical theory described in the following clauses for such purposes of inference or prediction as were
referred to under a) and b) above.
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Although it is not easy to give a precise non-mathematical definition of what is meant by saying that a process
is under statistical control, the concept is not difficult to grasp. It will be illustrated below using Figure 35, by
contrasting it with some cases where the pattern of variation from lot to lot is not in statistical control.

S Variation statistically determinate Variation not statistically determinate | S
a a
m Variation statistically uniform Case 3. One assignable Case 4. Combination of | Case 5. Special, Case 6. Time change m
P cause present Case 3 in groups of four | unassigned cause present | present p
L Case 1. Smaller spread | Case 2. Larger spread systematically samples Ie
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Distribution curves representing variation,in a.series of samples from a process
Figure 35 — Diagram indicating types of variation in samples
6.1.2 Erratic variation
While the variation in case 1 appearsto\be in statistical control, the variation for case 5 most cerfainly does
nof. A production process that leads_without assignable cause to both sample No. 4 and samplg No. 11 in
case 5 can hardly be considered to be in statistical control. Indeed, the dot patterns suggest that thgre may be
fadtors at work leading to two-Centres of variation with sometimes one operating, sometimes the| other and

SO

12|lots combined, shown-beneath the dot patterns. The variation in case 5 may best be describe

etimes both at the sametime. This lack of homogeneity is suggested by the distribution cufve for the

1 as out of

stgtistical control. Witheut-any further understanding of the factors affecting the lot to lot variation, gny attempt

to predict the variation‘in"subsequent products from the process is futile.

6.1.3 Systematic variation

Anpther situation is presented by case 3, where samples 3, 7 and 11 appear different from the others.

be

ever, here there is a systematic repetition in the irregularities, which was not evident in case 5,

procedure would be to eliminate the cause. However, if this were not possible, the series of lots

and it may
preferred
could be

divided into two homogeneous subseries, within each of which there is statistical control, and to each of which
statistical methods could usefully be applied.

Suppose, in case 3, that samples 1, 5, 9, etc. were from sublots of material from one machine, samples 2, 6,
10, etc. from sublots from a second machine, 3, 7, 11, etc. from a third and 4, 8, 12, etc. from a fourth. If lots
were formed by combining one sublot from each machine, then the samples of size 20 shown as case 4 could
be described as a representative stratified sample of the total output, where each stratum (plural: strata) is the
output from one machine. This illustrates the difference between simple random sampling and representative
stratified random sampling. Under representative stratified random sampling, the output is divided into
homogeneous parts (strata) from each of which a random subsample is drawn of size proportional to the part,
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and the subsamples are then combined into a representative stratified random sample. Thus, in the example
just described, a quarter of each sample of size 20, i.e. five items, are selected from a sublot from each
machine. Contrast this with a simple random sampling of the same size from the lot, under which every
possible sample of the same size from the lot would have exactly the same chance of being selected. Thus,
for example, under simple random sampling it would be possible for the sample of 20 items to contain no
items at all from the third machine. Conversely, it would be possible for half or more of the items in the sample
to come from the third machine. Clearly, such events would be undesirable in the present example. The aim of
such stratified sampling is to secure as far as possible that the sample is a miniature of the whole lot, with
similar distributions.

sampling we have undertaken, is a proportional stratified random sampling or, briefly, proportional sampli
in which tHe sizes of subsamples are proportionate to the sizes of the strata. This is the most common-typd
stratified rgindom sampling.

To illustrafe the advantage of representative stratified random sampling, consider the manufacture of sheet
brass, the [thickness of which at the edges is less than at the centre owing to the nature.of the rolling process.
If sheets afe cut into narrower widths, the thickness will vary according to the position/from which the strip fas
been cut.|If this variation is recognized, the product will be divided accordinglyy‘into parts that will [be
homogengous for sampling purposes. However, if it is not recognized, it is then ‘possible that samples would
sometimeg consist of test pieces all taken from the edges, sometimes all from the‘centre, and sometimes frpm
both in vatious proportions. The situation will then be as case 5, with no reliable inference possible from the
sample mgasurements.

The distingtion typified by the differences between case 1 and case 3.is an important one. In the former case,
any one of the samples may be used to give information regarding the total output from the manufacturjng
process; ir} the latter, care needs to be exercised in choosing reptésentative samples in the construction of the
different sfrata. In the one, the variation within and between‘the samples from individual lots is no different
from what|might have been expected if a series of random: samples had been selected from a consignmpnt
formed by|first combining and mixing the items from the separate lots. In the other, when constructing the
homogeneous strata, we have to identify the different'sources and combine the material from the same soufce
into a singje stratum before we select any sample¢ In our example, we assume that the proportion taken frpom
each sourfe was proportional to the total quantity from that source, and that the drawing from within fhe
source was at random.

Proportionpl stratified sampling is the special case of stratified sampling for which the sample sizes from each
stratum arg in proportion to the stratum size. Another special case is optimal stratified sampling, where the
choice of sample size from each, stratum under optimal stratified sampling takes into account the cosf of
sampling gn item from each of-the’strata and prior estimates of the variability within each stratum. The chajice
is made with the objective ,of\minimizing the cost of achieving a given precision in estimating the avergge
value of the characteristic(of,interest, or maximizing the precision for a given cost.

Representptive propertional stratified sampling is, therefore, a special case of optimal stratified samplind in
which the btrata have’known and equal variability, and the cost of sampling an item from each stratum is fhe
same.

Further didcussion-of stratified enmpling is prn\/irlnd in8.21

6.1.4 Systematic changes with time

Case 6 represents another situation, where there is a systematic change with time taking place in the quality
of material produced. If causes can be found for these fluctuations then, if these causes cannot be eliminated,
it may alternatively be possible to divide the process output into streams that may separately be considered to
be under statistical control. Examples are fluctuations due to known changes in temperature or humidity
(perhaps in some textile process) or to differences between operators or shifts. However, if there are irregular
fluctuations in time without known cause, prediction of characteristics of the process based on sample
measurements from a few lots will be impossible. Thus, samples numbers 1 and 2, or again numbers 8 or 9,
would not be representative of the typical process distribution shown below the dot patterns.
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6.1.5 Statistical indeterminacy

If the total output of a particular article is made up from a number of sources, where each source is under
statistical control and the proportion of the total coming from each is known, we have seen that statistical
methods can be used to estimate the quality of the total from properly drawn samples. If, on the other hand,
there is insufficient information to enable properly representative samples to be drawn in such a way, the
variation is statistically indeterminate. This indeterminacy may be due to changes in space, e.g. from one
machine or supplier to another; or it may be due to changes in quality with time, e.g. changes in the product
from one supplier due to seasonal influences or changes in raw material.

6.1.6 Non-normal variation

5 important to realize that variation that is under statistical control is not necessarily represen
mal distribution curve. It is true that the underlying distribution is approximately nermal in a
portion of cases met with in industrial experience. Indeed, most of the methods. described in
angd 9 rely on the variation being approximately of the normal form. Nevertheless, it~should be reco
examples also abound for which the distribution curve of the measured characteristic is far f
symmetrical, e.g. the distributions of lifetimes and breaking loads, which typically:have a long tail t
Yet provided the distribution remains stable from lot to lot, the concept of a(process being in statist
rerpains appropriate.
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Distribution-free methods are discussed in 8.8.2 and 8.10.

6.1.7 Quality level and process capability

Th

re is one further important concept, process capability, that needs to be introduced before deali

ussed. As in case 1, the variation in case 2 @ppears to be statistically uniform from lot to lot
tistical control. In practice, evidence of stahility is not enough. Statistical uniformity does n

, information is also required-concerning the process mean and the process vari

ng with the
yet been
i.e. under
ot of itself
assess the
ation. This

brmation is provided by the sample:mean and the sample standard deviation. (Incidentally, with this
brmation, it will also be possible te_detect a departure from uniformity during production, which will often
thods that

bs beneath
ariation of
ibbtion curve
nd process
difference

e from two
also differ,

i e is given.
In both cases statistical theory couId be used to predict the proportion of bottles whose contents lie within any
given limits. Suppose the specification is for a minimum of L = 726,5 ml and a maximum of U= 731,5 ml. The
situation is shown in Figure 36.

Then, evidently, the capabilities of the filling machines to satisfy the requirements are different, with the first
machine turning out a more homogeneous and more acceptable product. Indeed, it can be seen that the
fraction of bottles that violate the lower limit for case 2 is many times that for case 1. Case 1 is therefore said
to have greater process capability, i.e. the quality level of its output will be better than that of case 2. This
distinction between the concepts of the statistical uniformity and the capability of a process is important.
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One final remark about statistical uniformity, or statistical control, may be appropriate. They are terms used to
describe the variation when the distribution curve appears to be stable from sample to sample. This stability is
relative to the sampling technique employed, and is sometimes more apparent than real. For example, in a
product that is being continuously produced, sampling at short intervals may identify a lack of statistical
uniformity, e.g. a high-frequency cyclical effect, which sampling at longer intervals could fail to detect.
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NOTE Comparison of capabilities of a normal distribution having 14 =729,0 and o,= 1,0 with a normal distribufion

having 1,=728,6 and o, = 1,3 when the specification limits’are L = 726,5 and U = 731,5.
Figure 36 — Contrast of the capabilities of two filling machines

6.2 Sampling considerations

Consider pow the way in which~the principles discussed above bear upon the problems of sampling in
practice. In general, to what extent’are samples drawn to enable statistical theory to be profitably applied?

The questfon is too wide‘to)give a single answer, as the methods of sampling that are practicable can vary
enormously from one type of product to another. This notwithstanding, certain illustrations may profitably|be
presented [to show somie of the inherent difficulties and to indicate how they may be overcome.

Consider frst the’situation where the material sampled consists of a number of similar units, either compongnt
parts or finished articles. In some instances, it will be relatively straightforward to secure a random sam
from a si iar ee ; eXam i—sampt ii gt 6 ek
bearings, bolts, screws, etc. A supplier who is confident that his process is in statistical control can adopt a
simple procedure such as setting aside every 500th or 1 000th item (or whatever the need may be) to form
samples for inspection purposes. The danger in such a procedure is of the time interval between the selection
of sample items for inspection being in step with any periodic fluctuation in quality that may exist.

Were this to occur, the sample may well be biased, in which case the conclusions drawn from it would be
misleading. Examples of possible reasons for such fluctuations are diurnal changes in temperature, increasing
fatigue or inattention of operators during the course of shifts, or periodic replenishment of the raw material
from which the product is made.
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More often, however, the problem is not so simple. This is usually the case when sampling needs to be
carried out not just to determine the acceptability of a lot but also to determine the grade, and therefore the
price, of the product before acceptance by the user. As there is often no evidence available that the supplier's
quality level has remained constant, it is important to plan a sampling procedure that will provide a reliable
estimate of the quality of each lot, even if each lot is inhomogeneous.

In order to make valid, non-trivial generalizations from samples about characteristics of the populations from
which they came, the samples must have been obtained by a sampling scheme which satisfies two conditions:

i) there must be a known relation between relevant characteristics in the population from which the

samples are drawn-and corresponding-characteristics_in-the samples obtained bv th Samp"ng
L L J L 7J

scheme;

i) generalizations may be drawn from such samples in accordance with rules based on|probability
theory.

In prder to satisfy these demands on the sampling scheme, the selection of the samples has to Qe done by
some sort of random selection, which means that each possible sample has_a fixed and degterminable
pr@bability of being selected.

=

The most widely used type of random selection is simple random sampling_By this type of sampling, each unit
in fhe population has the same probability of being the first unit to belselected for the sample; affer the first
mgmber of the sample has been selected, each of the remaining “units in the population has|the same
prgbability of being selected as a member of the sample and s6on. The sampling scheme, simple random
sampling, does not only demand that each item in the populatien ‘has the same probability of being selected,
buf also that all possible samples of the same size have the same probability of being selected.

It i important to state that the randomness of a sampleis inherent in the sample scheme used to| obtain the
sample and not an intrinsic property of the sample itself. Experience shows that it is not safe to assume that a
s:;Fple selected haphazardly, without any consecious plan, can be regarded as if it had been sglected by
simple random sampling. Nor does it seem to be\possible to consciously draw a sample at random.

If Jomeone just “grabs a handful”, the itemis in the handful almost always resemble one another (oh average)
mqre than do the members of a simple.random sample. Even if the “grabs” are randomly spread|around so
thgt every individual has an equal chante of entering the sample, there are difficulties. Since the individuals of
grgb samples resemble one anather more than do individuals of random samples, it follows (by a simple
mgthematical argument) that the* means of grab samples resemble one another /ess than the| means of
rarj]dom samples of the same size. From a grab sample, therefore, we tend to underestimate the variability in
thg population, although we should overestimate it, in order to obtain valid estimates of grab sample means,
by |substituting such an‘estimate into the formula for the variability of means of simple random samples. Thus,
using simple randont.sample formulae for grab sample means introduces a double bias, both par{s of which
legd to an unwarrantéd appearance of higher stability.

In prder to make a random sample, we have to define a farget population from which the samgle is to be
drgwn, e.g.xthe units produced within the last hour, a sampling frame, which is a list of the it¢ms in the
population;” e.g. each unit has a different number, a sampling design, which is a pattern, arrangement or

Drawing a simple random sample may be done as follows:

a) assign to each unit in the target population a different number;
b) put each number on an individual slip of paper and put all the slips in a hat;
c) draw one slip at a time until there are as many slips drawn as units required in the sample.

The simple random sample consists of those units in the population corresponding to the drawn numbers.
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In practice, sample selection is rarely done by means of slips and a hat. Instead, the units may be selected by
means of a table of random digits or by means of a computer.

A table of random digits can be a table consisting of numbers with, for example, 6 digits. The table is
constructed in such a way that all of the possible 6 digits have the same probability of occurring at a given
entry in the table. If the target population consists of, for example, more than 100 and less than 1 000 units
and one wants to select a sample of say n = 10, one starts at a random place in the table, e.g. at the top of the
third column and considers the following numbers in a chosen direction from this one, e.g. downwards in the
column. The first sampling unit to be selected from the target population is that one having as its population
number the three first dlglts in the number chosen in the tabIe if such an item exrsts in the populatlon
otherwise this .
direction and selects as the next (or flrst) |tem that one havrng the three first dlglts as |ts number Otherwrse,
this numbegr is skipped. If the same population number comes up twice, it is skipped the second time) Qne
continues [n this way until the determined number » members of the sample have been selected.

By the way the table of random digits has been constructed, the procedure above will ensuretthat the sample
is a simpld random sample.

By computer, a simple random sample of size n from a target population of size V is drawn as follows.
1) Absign each sampling unit in the target population a number from 1 to N,

2) (Qenerate N random numbers using a random-number generator/Assign the first random number to
bmpling unit number 1, the second to sampling unit number 2,nd so on.

]

3) Sprt the random numbers from smallest to largest (or vice versa).

Thke as the sample the sampling units associated withrthe first n sorted random numbers.

Different cpomputer packages give detailed instructions about how to do this.

The follow|ng illustration of random selection comes<{rem the sampling subclause of EN 12326-1 [63l:
Sampling shall be carried out by selecting slates from each lot separately in a random way so that every
slate has an equal chance of being selected. Selected slates shall be marked so as to identify which|lot
they came from.
When| there is a possibility that the slates being tested may contain localized harmful inclusions such|as
calcitg veins or oxidizable pyrite, the preparation of the test pieces shall be modified to ensure sufficient
inclusjons are contained in-the specimen to provide a representative result.
The agceptance procedure itself is not simple:

Where oné or more of the tests do not satisfy the requirements of this standard, the unsatisfactpry

tgsts are-repeated. If the results of the unsatisfactory test are confirmed, the lot is rejected or [re-
desighated depending on the results.

If the repeated test is satisfactory, a second check is carried out and if the result is satisfactory, the
lot is accepted. If the repeated test is unsatisfactory, the lot shall be rejected or re-designated.

Different problems arise in sampling where material does not consist of discrete items, but is delivered in bulk,
which for one reason or another may not be homogeneous. It is then necessary to withdraw small equal
portions of material from a number of different parts of the whole mass. Alternatively, if the material is in
movement on conveyors or in barrows, similar portions may be taken at regular intervals during the whole
period of movement. The usual practice is then to combine these portions to form initial samples, which are
then reduced after thorough mixing to form small quantities of material suitable for analysis in the laboratory.
The object of these activities is to obtain final samples that mirror the distributions in the material as well as
possible. 1ISO 3082 [9] illustrates the precautions that are necessary when sampling from bulk materials such
as iron ore.
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ISO 3082 contains diagrams of many types of sampling and dividing devices, illustrating the difficulties of
obtaining samples from which sound inferences about the lot or consignment may be made. The following
extracts from ISO 3082:2000 indicate the general considerations for sampling and sample preparation.

If,
as

The basic requirement for a correct sampling scheme is that all parts of the ore in the lot hav

e an equal

opportunity of being selected and becoming part of the partial sample or gross sample for analysis. Any

deviation from this basic requirement can result in an unacceptable loss of accuracy and

precision.

Incorrect sampling schemes cannot be relied upon to provide samples that have similar distributions to

those present in the whole material.

The best sampling-location-to-satisfv the above requirement depends-on-the tvne of sampling machine
L J J - L J T L :

Falling stream samplers require a transfer point between conveyor belts where the full cross
the ore stream can be conveniently intercepted at regular intervals. Sweep arm samplers:tha
cross-section of the ore stream directly off the conveyor belt are rapidly becoming the
preference because they offer a wide choice of sampling locations imposing minimal restriction
to space and support. Here, the full cross-section of the ore stream can be conveniently intg
regular intervals, enabling samples to be drawn that reflect the variation intthe material.
precautions have to be taken to ensure that the regular intervals do naot_coincide with a
fluctuations in the material.

In situ sampling of ships, stockpiles, containers and bunkers is not permitted, because it is im
drive the sampling device down to the bottom and extract the full column of ore. Consequently,

a conveyor belt when ore is being conveyed to or from the ship, stockpile, container or bunker.

In situ sampling from stationary situations such as wagons is permitted only for fine ore co
provided the sampling device, e.g. a spear or auger, penetrates to the full depth of the concen
point selected for sampling and the full column of cenéentrate is extracted.

Moisture samples shall be processed as soopas possible, and test portions weighed immedis
is not possible, samples shall be stored in inpervious airtight containers with a minimum of fre
to minimize any change in moisture content, but should be prepared without delay.

Minimization of bias in sampling ahd“sample preparation is vitally important. Unlike precision,
be improved by collecting more_increments or repeating measurements, bias cannot be r
replicating measurements. Gonsequently, the minimization or preferably elimination of poss
should be regarded as mote important than improvement of precision. Sources of bias th
completely eliminated at the outset by correct design of the sampling and sample preparat

can be minimizedcbut’ not completely eliminated include change in moisture content, loss o
particle degradation (for particle size determination).

his example,‘there is no question of lots of ore being rejected; the sampling is solely to determine
J price.

from ‘each lot, only one final sample were produced for laboratory analysis, there would be
besSsing the reliability of the estimates of the lot characteristics. 1SO 3084 [10] provides details q
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y placing

consecutive primary increments alternately into two sample containers” where the primary increments are the
quantities of ore collected in a single operation of the sampling device. ISO 3084 provides for four scenarios.

1)

1)

When lots are frequently delivered, the quality variation may be determined from a large number of lots of
almost equal mass by treating each lot separately and making up a pair of interleaved samples for each

lot.

When large lots are infrequently delivered, the quality variation may be determined from a si
splitting the lot into at least 10 parts of almost equal mass and making up a pair of interleaved s
each part.
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Il) When small lots are frequently delivered, the quality variation may be determined from several lots of
almost equal mass by splitting all the lots involved into a total of at least 10 parts of almost equal mass
and making up a pair of interleaved samples for each part.

IV) When sampling a wagon-borne lot where increments are taken from all wagons comprising the lot, the
quality variation may be determined by treating each lot separately and making up a pair of interleaved
samples for each lot.

Instructions are given in ISO 3084 for utilizing the information thus obtained under each scenario.

7 Methods of conformity assessment

7.1 The|statistical concept of a population

To some gxtent, the customer and supplier have different viewpoints when it comes to the,question of setting
specificatipns. Broadly speaking, the customer is interested in the whole range of quality.ef individual itemsfon
the market from which he can purchase. The supplier has one eye on the competition, but is also concerned
with the stptistical control and capability of the production process, which can or needs to be maintained ip a
particular prganization or organizations, having regard to technical and economic-¢constraints. In both casgs,
however, the form of variation in the characteristics of a large collection of <individual items is a matter| of
concern.

In discussing the concept of statistical uniformity, frequent reference has been made to the distribution curyes
shown at [the bottom of the charts in Figure 35. These curves were drawn to represent the frequemcy
distributior] of a characteristic that would be obtained if measuréments were made on a large collection| or
aggregatign of items. In statistical terminology, the word population has been used to describe such a lafge
collection ¢f individual items, each possessing perhaps a number of different variable characteristics.

The use of this term arose because the early development’of statistical method was associated with the stdidy
of human populations, formed of individuals, which were variable and many-charactered. In such a case, it is
easy to grpsp the concept of populations that are homogeneous or heterogeneous, stable or changing, the
necessity pf sampling, and different ways that(this can be done by probability sampling or by purposely
constructirjg a sample, and different types of(samples: a simple random sample or a stratified random sample,
a sample that properly reflects the variation'in the data, or a biased sample, which does not, and so forth.

Deriving their origin from this special field of application, the terms sample and population have had
associated with them very definitemeanings in statistical theory. In the field of industrial production, the
meaning df a sample is clear,-but’/the concept of a population will perhaps be more readily understood |f a
different tg¢rminology is employed. It is sensible for the larger collection of items from which the samplg is
drawn (th¢ statistician's population) to be described differently according to the particular situation unger
consideratjon. The terms-oatput, consignment, batch or lot may each be used in their respective places, and
no confusion would appear likely to arise since each of the terms will be found to be self-explanatory in|its
use.

The parallgl with' the human case can still be drawn. The different suppliers are the sources from which the
output or ¢onsignments of manufactured items (corresponding to some extent to the different ethnic groups)
are supplied.

The customer's interest in the populations, i.e. the outputs of the various suppliers who provide products of the
type they desire to purchase, will depend on a number of considerations.

a) In certain cases, it will be essential for the variation in a characteristic to lie within narrowly defined limits.
This will be so for the dimensions of component parts that need to be fitted together, for the analytical
properties of certain chemical products, etc. The ideal, from the user's point of view, would probably be
attained if the variation in items from all sources could be described by a normal curve with its mean on
target and its standard deviation no greater than a certain value.

54 © ISO 2009 - All rights reserved


https://standardsiso.com/api/?name=c18e5b81c1ca96ad2ffc6deb96b0f57d

b)

ISO/TR 18532:2009(E)

In other cases, wider latitude is permissible, so long as a minimum level is reached by virtu
items; this is true, for example, when the qualities tested relate to strength or durability. For ex

ally all the
ample, the

average and standard deviation of the breaking strength of wire may differ considerably between

suppliers, yet still meet the user's requirement.

Sometimes what is important to the user is not a particular mean value of a quality in a product,

but a limit

to the amount of variation about some mean that remains constant from one consignment to another. An
example is products requiring craftsmanship in the finishing process, such as plasters or paints. The total
material on the market may well be heterogeneous, consisting of several suppliers' outputs, all of which
are of differing quality. However, the customer needs to be able to draw continually from one stable

saource of Q",”,”ly, Le to use material for which pnrtir‘nlnr characteristics have a constant mean and low

In

variation.

bll of the above cases, a statistical methodology is required that will indicate how best 10, dete

samples, whether the output or consignment does in fact conform to the desired standard.

The
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value of the guarantee that the specifications defined are satisfied depends.6n the statisti
nformity applied. When the statement of conformity with the specificationS.shall be true b
sonable doubt, the test for conformity shall be performed according. to the principles
D 10576-1 [38],

) The basis of securing conformity to specification

.1 The two principal methods

b provisions of a specification, the limits for the various*quality characteristics, and the sampling
be adopted should be designed so as to provide assurance to the customer that each consignme
material that he purchases is up to the stipulated standard. At the same time, the supplier will be
bw that the standard prescribed is one that is censistent with the capability of their production

] which is economically feasible for them_ \to”maintain. There are two principal methods g
hformity to a specification:

by a system of tests of samples takén from batches of finished material. In certain cases, thes
may be drawn at random from the*whole bulk of material; in other cases, it may be necess
special precautions to ensure that representative samples are obtained. In either event, this
called acceptance sampling;

of the manufacturing-processes. Such a procedure could form the basis of a guarantee
specification, so-long as occasional audits, independent of the supplier, are made in order to
certifying authority that the routine tests are actually being carried out in the production facility.

th these methods can form the basis of a system of quality marking or guarantee to show conforr

Ssa

qup

pecification. Statistical theory can assist by providing the user with assurance as to the adequ

Ilty of the product In many cases, however, it will be found on statistical anaIyS|s that

mine from

al test for
byond any
given in

technique
nt or batch
required to
Drocesses,
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ary to take
method is

by requiring that records-be kept that will provide statistical evidence of both the control and the¢ capability

system of
satisfy the

hance with
acy of the

pling;~and the supplier with confidence that no unsuspected variations in his processes are affecting the

acceptance

second method would appear likely to provide effectively for a guarantee system.

, while the

It is not appropriate to make too sharp a distinction between supplier and customer, as the supplier will not
only be a user of raw materials but will also be interested in the range of quality on the market of the
commodities that the supplier is providing. Nevertheless, in making comparison of the two methods, it will be
convenient to distinguish between questions of special importance to the customer and to the supplier.
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7.2.2 Considerations of importance to the customer

The following considerations are of importance to the customer.

a)

b)

c)

7.2.3 Copsiderations-of.importance to the supplier

It has already been pointed out that in some cases it may be extremely difficult to obtain a sample that
properly reflects the distributions within a consignment. This is well illustrated by the following example
taken from Shewnhart [123],

Given a consignment consisting of 10 truckloads of boxed material, there being 12 items in a box and
roughly 1 000 boxes in a truck, how would it be possible to obtain a sample that mirrors the variation

—oted Sieravie O 8 PO 8 efgaln

5 of significantly different quality from others. According to the method of packing, these differenges
e associated with certain trucks, or parts of a truck, or they may be scattered at randomin the
process of loading. Again, it may be the case that the articles at the bottom of each box are different from
those jat the top.

Statisfical theory may show that the number of items that need to be tested to give the.desired degreg of
information about the lot is prohibitive from an economic standpoint. This is particUlarly likely to be tfue
wherd the test required is destructive and where, at the same time, there is considerable variation in the
quality characteristic from item to item. For example, to burn out sufficient electric light bulbs to obtaip a
valid fest of the difference in quality between the products of two manufactufers may not be beneficially
viable|in some cases.

For many processes, the process variation can be controlled successfully and the problem then beconpes
one of providing assurance that the process mean has not moved 0o far from the target value.

For a|continuing series of lots from the same source, the amount of random sampling necessary can|be
very much reduced if the process variation remains demonstrably constant over time (i.e. from hour to
hour @and day to day). As soon as it is established that the process standard deviation is constant gt a
given alue, smaller sample sizes can be used on subsequent lots. The process variation would still nged
to be thecked and more intensive sampling resumed if evidence emerges that the process variation is|no
longef stable.

To regluce their intensity of sampling inspection with safety, it is necessary for the user to know that
effective quality control procedures are in/place. If the supplier maintains quality control records, what is
required is an agreed means of making this information available to the customer. If access to siich
records is available, the question:then naturally arises whether the guarantee system of securing
conformity to specification would,riot be far more satisfactory than the method of testing samples frpom
consignments. This is especially true for those materials for which inspection of the final product entails
elaborate and costly procedures.

The supplier is cofcerned with the day-to-day routine problem of turning out goods that will satisfy the
requirements of aspecification. As a more distant objective, probably involving research and experimentatipn,

the suppligr aims to reduce variation and increase the efficiency of the production process. Points they will
consider aTe as follows.

a)

b)

56

If acceptance sampling is specified, the supplier who does not realise the waywardness of chance when
dealing with variable material may find a sample from his product unexpectedly failing to pass
specification. If, however, the supplier has studied and measured this variability, he may judge at what
level quality should be maintained in order to reduce the risk of rejection to an acceptable level. Without
this knowledge, the quality level he is maintaining for safety may in fact be uneconomically high.

The form of routine control required under a guarantee system of specification, depending on tests

analysed on a statistical basis, is no different from that which is necessary to assure the same level of
safety under an acceptance sampling system.
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Stability in the quality of a manufactured product has a number of advantages to the supplier. Besides its
relation to sales owing to user confidence, it may have an important bearing on the economy of
management. The following example of a problem that might arise in the production of high-grade cotton
fabric illustrates this point.

Owing to uncontrollable faults, a certain percentage of the lengths turned out by looms always needs to
be put into a lower quality grade. If this percentage reaches a high figure, the manufacturer is faced with
the necessity of disposing of this unwanted burden of low quality material, which is attached to his high-
grade produce as an awkward but unavoidable shadow. Clearly, fluctuations in the magnitude of this
percentage figure will upset his costing forecasts.

The concept of statistical uniformity has so far in this publication mainly been associated with, the stability
of variation in time. But the methods of statistical analysis that need to be used to_decide whether
variation is statistically uniform will also be invaluable to the supplier in research and development when
he is attempting to reduce variability and to detect and eliminate sources of trouble.

For these aspects of the problem, reference should be made to textbooks, journal-articles and standards

Frd
co
co

on statistical process control, a brief selection of which may be found in the“Bibliography.
strictly a problem of securing conformity with a specification, but some indication of its treatme
in Clause 10.

m these considerations, it will be seen that there are clear advantages-in the second method
nformity to a specification, namely by requiring that definite evidence be furnished of effecti
ntrol during manufacture. For this purpose, statistical theory catr suggest systems for routine {

his is not
nt is given

bf securing
e process
ests in the

WO level of a

prd

rkplace. These will go far to arm a certifying authority with-eompetence to assess the quality
duct that is sold under a quality mark or guarantee.

=

conclusion, the advantages of this method may be summarized as follows.

It avoids the difficulty that often arises of determining how to draw a representative sample from a lot or

consignment.
It saves the cost of sampling on the large.scale often necessary to give adequate assurance.

tion in the
ional tests

The amount of sampling necessaryWwill be far less than that required to provide definite prote
face of erratic quality levels. This.is generally true even where it is desirable to carry out occas
on samples from lots to gain assurance that the process control remains effective.

The form of routine statistieal analysis necessary to provide the basis of a system of quality ceftification is
that which a supplierwould employ anyway in attempting to increase the efficiency of his [production
process.

8 | The statistical relationship between sample and population

8.1 The variation of the mean and the standard deviation in samples

8.1.1 <General

avnlainad
TApPairca

In to achieve
effective standardization of production and conformity to specification are essentially statistical in nature. A
detailed development here of the relevant statistical theory would be inappropriate, but it is necessary to
outline sufficient elements of this theory to clarify the treatment of some typical problems.
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Suppose that the variation in initial efficiency of a specified type of electric light bulb is under consideration. If
all the light bulbs in a lot of several thousand were tested, it would be possible to calculate the mean efficiency
and the standard deviation of efficiency, measured in lumens per watt, for the whole lot. If, however, tests
were only made on several samples each consisting of 10 lamps, then a different mean and a different
standard deviation would be obtained for each sample. Not only would these means and standard deviations
differ among themselves from sample to sample, but also they would not correspond exactly to the values that
could, in theory, be determined from the whole lot. It is clearly important to have some means of defining the
extent of the differences that can arise through the chance fluctuations of sampling.
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Some further mathematical results need to be introduced in order to be able to do this in a precise manner. To
avoid ambiguity, it is essential to make a clear distinction in the notation used for the characteristics of the
population (lot, consignment) and that used for the characteristics of a sample drawn from this population. The
most common notation for this is as follows. For the population, containing N items, the mean is denoted by u
and the standard deviation by o. For a sample, containing » items, the sample mean is denoted by x and the
sample standard deviation by s. Values of the sample characteristics for different samples are identified by the
use of subscripts, for example:

— 1stsample, size ny, sample mean =Xx;, sample standard deviation =s;;

—  2nd sqmple, SIZ8 7, Sample mean =x,, Sample standard deviation =5, ]
— J3rdsgmple, size n3, sample mean =Xx3, sample standard deviation = s3;

— 4th sample, size n4, sample mean =X,, sample standard deviation =s,.

If a numbgr of random samples of the same size n were drawn from the population, the standard deviatior] of
the resulting values of x would be a measure of the magnitude of the error likely to‘be involved in using the
mean of jUst one sample of » items as an estimate of the population mean u. This_standard deviation of the
sample mnTans X1, Xo, ..., €tc. is often called the standard error of the mean. Similarly, the standard deviatjon
of the sanmple standard deviations sy, s,,..., etc. is often called the standard error of the standard deviatipn,
since it mgasures the error involved in using s as an estimate of o.

NOTE The standard deviation of an estimator is called the standard error:¥In order to avoid confusing the reader With
terminology} the words “standard deviation” will be used instead of “standard.error” throughout this Technical Report.

In general] it will not be practicable to take more than one random sample from the population. Fortunatgly,
statistical fheory comes to our aid by providing a means of _estimating both of these standard deviations frpm

the results|of one sample. It will be assumed in 8.1.2 and 8,1.3 that the sample size » is small compared to fhe
population|size N, say less than one twentieth of V.

8.1.2 Variation of means

The avergdge of the sample means from. alt’ possible samples of size n from the population equals the
population|mean, i.e.

Mean|of ¥ = u (8)

In fact, to|make it clear that'the left-hand side of this equation is a population mean rather than a sample
mean, a begtter notation is;

Hz = p 9)

The variability, ofthe sample mean varies directly as the standard deviation of the characteristic, x, in fhe
population|and inversely as the square root of the sample size, i.e.

Standard deviation of ¥ = o /~/n (10)

Again, to make it clear that the left-hand side represents a population standard deviation rather than one
based on a sample, a better notation is:

Gf=0/\/; (11)

The variation in the sample means will approximate to a normal distribution except in cases of extremely
asymmetrical variation in x in the population.
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In simple terms, the standard deviation may therefore be interpreted as follows, provided that the sample
contains some 20 or more items. Since x varies approximately in accordance with a normal distribution about
4 with a standard deviation of o/+/n, it follows that it is rather unlikely that, in any particular random sample,
the magnitude of the difference (x — ) will be greater than 20 /~/n, and very unlikely that it will be greater
than 3o /+/n. Consequently, when only the data obtained from a sample are available, there is reasonable
assurance that the population, lot or consignment mean will not differ from the sample mean x by more than
+2 to +3 times o/+/n. If the standard deviation, o, is not known from past experience, an estimate of
o obtained from the sample needs to be used. More precisely, tables of multipliers can be derived from
statistical theory, such as Table 9 and Table 10, whose uses are described in 8.1.3.

© ISO 2009 - All rights reserved

Table 9 — Factors for confidence limits for the population mean and population standard deviation
Mean Standard deviation
Limits Limits
Sample M =X—as, fp =X +as o1=bis, o9 =bys
size
n Chance of error Chance of error,
10% (5% | 2% | 1% 10 % 5% 2% 1%
a a a a by by by by by by by b
5 0,954 | 1,242 | 1,676 | 2,060 | 0,649 [2,373| 0,599 12,874 | 0,548 | 3,670 | 0,518 | 4,306
6 0,823 | 1,050 | 1,374 | 1,647 | 0,672 2,090 | 0,624" 2,453 | 0,575 | 3,004 | 0,546 | 3,485
7 0,735(0,925| 1,188 | 1,402 | 0,690 | 1,916} 9,644 (2,203 | 0,597 | 2,623 | 0,568 | 2,980
8 0,670 | 0,837 | 1,060 | 1,238 | 0,705 (1,798 | 0,661 | 2,036 | 0,615 | 2,377 | 0,587 | 2,661
9 0,620 | 0,769 | 0,966 | 1,119 | 0,718 {1,712 | 0,675 | 1,916 | 0,631 | 2,205 | 0,603 | 2,440
10 0,580 | 0,716 | 0,893 | 1,028 | 0,729 | 1,646 | 0,687 (1,826 | 0,644 | 2,077 | 0,617 | 2,278
11 0,547 | 0,672 | 0,834 | 0,956,/ 0,739 1,594 | 0,698 | 1,755| 0,656 | 1,978 | 0,630 | 2,14
12 0,519 ( 0,636 | 0,785 | 0,897 | 0,747 (1,551 | 0,708 | 1,698 | 0,667 | 1,899 | 0,641 | 2,056
13 0,495 | 0,605 | 0,744 0,848 | 0,755 (1,516 0,717 (1,651 | 0,676 | 1,834 | 0,651 | 1,976
14 0,474 |1 0,578 | 0,709 | 0,806 | 0,762 | 1,486 | 0,724 (1,612 | 0,685 | 1,780 | 0,660 | 1,9[10
15 0,455 | 0,554./.0,678 | 0,769 | 0,768 [1,460| 0,732 | 1,578 | 0,693 | 1,734 | 0,668 | 1,854
16 0,439 (0,933 | 0,651 | 0,737 | 0,774 (1,438 | 0,738 | 1,548 | 0,700 | 1,694 | 0,676 | 1,806
17 0,424 {0,515 | 0,627 | 0,709 | 0,780 (1,418 0,744 (1,522 | 0,707 | 1,660 | 0,683 | 1,7p4
18 0,411 | 0,498 | 0,606 | 0,684 | 0,785 | 1,401| 0,750 (1,500 | 0,713 | 1,629 | 0,689 | 1,78
19 0,398 | 0,482 | 0,586 | 0,661 | 0,789 [1,385| 0,755 | 1,479| 0,719 | 1,602 | 0,696 | 1,606
20 0,387 | 0,469 | 0,568 | 0,640 | 0,793 [1,371| 0,760 | 1,461 | 0,724 | 1,578 | 0,701 | 1,667
21 0,377 | 0,456 | 0,552 | 0,621 | 0,797 (1,358 | 0,765 | 1,445| 0,729 | 1,657 | 0,707 | 1,641
22 0367 [04441053710604] 0801 [1346] 0769 |11430] 0734 153710712 |1 617
23 0,359 | 0,433 | 0,524 | 0,588 | 0,805 (1,336 0,773 (1,416 0,738 | 1,519 | 0,716 | 1,596
24 0,350 | 0,423 | 0,511 | 0,574 | 0,808 (1,326 | 0,777 | 1,403 | 0,743 | 1,502 | 0,721 | 1,576
25 0,343 | 0,413 | 0,499 | 0,560 | 0,811 [1,317| 0,780 | 1,392 | 0,747 | 1,487 | 0,725 | 1,559
26 0,335 (0,404 | 0,488 | 0,547 | 0,814 (1,309| 0,784 (1,381 | 0,751 | 1,473 | 0,729 | 1,542
27 0,329 | 0,396 | 0,478 | 0,535 | 0,817 |1,301| 0,787 (1,371 | 0,754 | 1,460 | 0,733 | 1,527
28 0,322 ( 0,388 | 0,468 | 0,524 | 0,820 1,293 | 0,790 | 1,362 | 0,758 | 1,448 | 0,737 | 1,513
29 0,316 | 0,381 | 0,459 | 0,514 | 0,823 (1,287 | 0,793 | 1,353 | 0,761 | 1,437 | 0,741 | 1,499
30 0,311 0,374 | 0,450 | 0,504 | 0,825 (1,280 | 0,796 (1,345 0,764 | 1,427 | 0,744 | 1,487
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8.1.3 Variation of standard deviations

2 2

The square of a standard deviation is called a variance, i.e. s is the sample variance and o is the
population (lot or consignment) variance. The average of the sample variances over all possible samples of
size n from the population equals the population variance, i.e.

4 =0 (12)

Unfortunately, there is no such simple result for the average of all possible sample standard deviations for
samples of-si facttheaverage—vatteofsistess-thanr—o—This-effectisdeseribed-as-a-biasanegative
bias in thid case. The bias depends on the sample size, and gets smaller as the sample size increases.

NOTE
first, but it
of their squa

The fact that s is a biased estimator of o although s? is an unbiased estimator of ¢ may seem puzzling at
ould be remembered that the mean value of a set of numbers is not the same as the square root-of the mg¢an
res. For example:

1(1+4+3+5+6)=3,6 whereas \/%(1+9+9+25+36) -4,0

The average of the sample standard deviations over all possible samples of size n-from the population is giyen
by the follgwing equation:

i, =0 (13)
where ¢, i$ the bias factor and depends on the value of .

NOTE This relation [Equation (13)] is only true if the variation among the observations is of the normal form.

Values of |¢, are given for sample sizes from 2 to 30 inslable 10; note that ¢, is approximately equal to
4(n-1)/(4p - 3).

Table 10 — Factors for removing‘bias from sample standard deviations

Sar:nple Sar:np|e Sar:nple
size size size

n ¢4 /ey n ¢4 /ey, n ¢4 /ey,

— — — 11 0,9754 | 1,0253 21 0,9876 | 1,0126
2 0,797 9 | 15253 3 12 0,9776 | 1,0230 22 0,9882 | 1,0120
3 0,886 27{,7,128 4 13 0,9794 | 1,0210 23 0,9887 | 1,0114
4 0,921N\3 | 1,0854 14 0,9810 | 1,0194 24 0,9892 | 1,0109
5 09400 | 1,063 8 15 0,9823 | 1,0180 25 0,9896 | 1,0105
6 0,9515 | 1,0509 16 0,9835 | 1,016 8 26 0,9101 | 1,0100
7 0,9594 | 1,0424 17 0,9845 | 1,0157 27 0,9904 | 1,0097
9 0,9693 | 1,0317 19 0,9862 | 1,0140 29 0,9911 | 1,0090
10 0,9727 | 1,0281 20 0,9869 | 1,0132 30 0,9914 | 1,0087

If the sample standard deviation is to be used as an estimate of the population value, for some applications it
is desirable or customary to eliminate the bias. Following Shewhart [124], this is done by taking s/c, as the
estimate of o.
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With regard to these corrections, the following points should be noted.

a)

b)

Th

1

~

2

~

Su
est

Th
ton
thg

St3
co

Unless the sample contains very few items (i.e. unless # is very small), the bias is inconsequential.

If n is small, no single estimate of o can be regarded as satisfactory; what is required is a pair of lower
and upper limits o4 and o, within which we may feel confident that o lies. These are so-called
“confidence limits” (see 8.4.1), for the calculation of which Table 9 has been given. This table shows very

clearly the extent of the uncertainty that remains when o is estimated from a few observations

Corrections in the case where o is estimated from a number of small samples are, however,

rresponding to Equation (10), there is an approximate theoretical expression for the standard de
ndard deviation, namely:

standard deviation of s = o/ \/2(n —1)

o

o, =——
Y 2(n-1)
b accuracy of this approximation is subject to several limitations:

the variation among the observations, x, has to approximately follow the normal distribution;

so the sample should consist of at least 30 obServations.
bject to these restrictions, the result is nevertheless helpful in giving some idea of the reliability,
imate of o.

natoes is taken from a production line once every two hours, and its contents weighed. Four ok

tistical analysis of the type described in 4.4 shows that the variation from item to item is unde
ntrol during the period_covered by the first 40 shifts.

only.
important,
d further in

viation of a

(14)

(15)

as o will generally not be known, it will be necessary to substitute s in the right-hand side of Equation (15),

of s as an

b data in Table 11 illustrates the.variation in X and s among samples from the same populatiop. A can of

servations

refore become available every'8-hour shift. Observations over a period of 40 shifts are given in this table.

r statistical
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Table 11 — Mass of tomato can contents

Shift Mass of can contents Shift Mass of can contents
9 9
1 401,5 401,5 404,8 402,8 21 405,0 405,7 404,1 404,4
2 404,4 403,4 406,3 403,1 22 403,8 405,4 406,5 401,3
3 405,7 405,5 406,1 404,8 23 401,8 404,4 407,6 405,6
4 405,0 402,6 406,6 402,9 24 402,4 401,8 403,8 401,6
5 402,6 404,0 4044 404,0 25 407,3 4041 406,3 403,1
6 404,2 403,6 403,7 407,9 26 401,4 407,4 402,1 40444
7 404,4 405,2 402,5 403,5 27 402,8 403,7 405,5 4024
8 407,7 403,9 403,8 407,1 28 401,6 406,5 400,8 404,1
9 409,7 400,7 405,0 405,5 29 407,3 401,3 4061 405,9
10 405,7 400,4 402,3 405,4 30 401,2 405,3 405,2 403,2
11 402,8 403,2 402,3 402,0 31 408,4 403,3 404,1 402,9
12 400,8 406,3 403,6 402,6 32 404,8 404,9 406,0 404,5
13 401,0 403,9 403,0 403,4 33 403,2 402,0 403,4 404,0
14 402,3 405,6 402,5 404,8 34 404,9 400,9 400,9 400,4
15 403,7 404,7 405,8 403,9 35 40550 402,1 405,6 402,0
16 403,9 402,2 403,7 402,7 36 402,1 403,1 403,8 404,2
17 404,2 404,9 406,3 401,4 37 405,3 403,9 404,7 404,3
18 403,6 404,0 401,0 400,9 38 404,5 401,5 404,7 402,7
19 405,9 403,8 405,6 398,4 39 405,2 399,7 405,1 406,2
20 401,5 401,7 404,0 403,8 40 402,0 400,7 402,6 404,9

Table 12 — Canned tomatoes data — Mean and standard deviation of four masses per shift

Shift| Mepn | Standard Shift | (Mean | Standard Shift| Mean | Standard Shift | Mean | Standard
deviation deviation deviation deviation
1 |402165| 1,559 14 1402,58 | 0,532 21 |404,80| 0,707 31 |404,68| 2,533
2 |404{30| 1,445 12 |403,32| 2,297 22 |404,25| 2,258 32 |405,05| 0,656
3 |405{52| 0,544 13 402,82 | 1,271 23 |404,85| 2,424 33 |403,15| 0,839
4 |404/28 | 1,882 14 |1403,80| 1,651 24 402,40 | 0,993 34 401,78 | 2,097
5 |403{754 0,790 15 | 404,52 | 0,954 25 1405,20| 1,936 35 |403,68| 1,893
6 |404(85 2,050 16 1403,12 0,810 26 1403,82 2,706 36 1403,30 0,92
7 1403,90| 1,163 17 404,20 | 2,061 27 |403,60| 1,378 37 |404,55| 0,597
8 |40562| 2,065 18 |402,38| 1,654 28 1403,25| 2,583 38 |403,35| 1,526
9 |405,22| 3,680 19 |403,42| 3,476 29 |405,15| 2,640 39 |404,05| 2,942
10 |403,45| 2,549 20 |402,75| 1,333 30 |403,72| 1,941 40 |402,55| 1,756
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Table 13 — Canned tomatoes data — Frequency distribution of individual observations and of means
and standard deviations of 4 tests

The mean and standard deviation for the whole population of 160 masses are u =403,84 gand o

The means and standard deviations, x and s, of the 40 samples each consisting of 4 test results, ar
Taple 12. They have been grouped together jn, Table 13 where they form frequency distributions an

tha

If t
the
Ta

Mass Frequency Mean, x Frequency Standard Frequency
g g deviation, s
g

398,00 to 398,99 1 400,50 to 400,99 1 0,500 to 0,999 11
399,00 to 399,99 1 401,00 to 401,49 2 1,000 to 1,499 5
400,00 to 400,99 9 401,50 to 401,99 5 1,500 to 1,999 9
401,00 to 401,99 16 402,00 to 402,49 8 2,000 to 2,499 7
402,00 to 402,99 26 402,50 to 402,99 7 2,500 to 2,999 6
403,00 to 403,99 30 403,00 to 403,49 5 3,000 to 3,499 1
404,00 to 404,99 32 403,50 to 403,99 6 3,500 to 3,999 1
405,00 to 405,99 25 404,00 to 404,49 4
406,00 to 406,99 11 404,50 to 404,99 2
407,00 to 407,99 7
408,00 to 408,99 1
409,00 to 409,99 1

Total 160 Total 40 Total 40

t in Table 6.

ble 14.

Table 14 — Canned\tomatoes data — Comparison of the sample mean and sample standard
deviations of the-means and standard deviations in groups of 4 tests with theoretical results

1,909 g.

e shown in
alogous to

he mean and the standard deviationof these distributions are calculated, they may be compared with the
oretical values obtained by inserting the values of » and s in Equations (9), (11), (13) and (14), a

5 shown in

Results from theoretical formulae

Measure Results from Table 12
Mearrof x, i.e. u, 403,84 g2 403,84 g
Standard deviation of X, i.e. o 0,9659
Mean of s, i.e. y, 1,727 g 4(n—1)o/(4n—-3)=12x1,909/13 =1,f62 g
Standard deviation of s, i.e. o, 0,808 9 o /\[2(n—1)=1909//6 = 0,779 g

a
of 160 tests.

Note that these two values necessarily agree, as the mean of the 40 sample means has to equal the mean of the population

Corresponding figures are seen to be in quite close agreement.
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8.2 The reliability of a mean estimated from stratified and duplicate sampling

8.21

Stratified sampling

An important extension to some of the previous results is necessary when the items on which the
observations or tests have been made are drawn from a number of sources, within each of which there is
statistical control, but between which there may be differences in the process averages and variances.

Suppose a population (batch, consignment) consists of a large number of items, of which a proportion p, has

come from one source, p2from a second etc., and flnaIIy pk from a kth source. Suppose that the mean and
standard d ' f a T T
oy, for th

stratum to| stratum, we will get a more accurate estimate of the mean of the whole population if we select

ent random samples from each separate stratum or source and combiné ‘the results from the

different sfrata in an appropriate way. The simplest situation will be that a sample ofnitems is drawn by takjng
nq items af random from the material coming from source 1, n, items from the material from source 2, and|so
on, where;

nq 94 npq, Ho =npoy,..., N, =Np; n7)

and nq+np +---+n, =nsince the proportions sum to unity, i.e. py+'p5 +---+ p, =1. This is an example qf a

proportional stratified sample, or simply a proportional sample, where the number of items taken from eICh
stratum is|proportional to the size of each stratum or, in otherwords, that the sampling fraction from e
stratum is pqual to its relative size. (Stratified sampling has als6 been discussed in 6.1.3 to 6.1.5 and 6.2.)

ch

If x is thelmean value of the characteristic for the n items of this proportional sample, then it may be used|as

the strata

an estimaf of the true population mean x. For a proportional sample we simply pool the subsamples for all
in repeate

nd take the mean of this sample. It is kbhown that the standard deviation (i.e. the standard deviatjon
samples) of X is given by the relation:

standprd deviation of X = 1\/;11012 35S + o+ oL (1'8)
n

In practice) it will commonly happen that the standard deviations within the different sources of supply will{be

approximately the same, i.e,-54-= 0, =---= 0, = 0. This relation [Equation (18)] then simplifies to:

standprd deviatiotpef ¥ = —— (19)

N

Results [Efiuations (18) and (19), like Equations (8) to (12)] are independent of any assumption of normality in

the variatign=A number of points of practical importance may be deduced.

a)

b)

64

Provided that the sample can be made properly proportionate by drawing subsamples that satisfy the
condition [Equation (10)], the reliability of the estimate x depends only on the variation within each
source of supply, and not upon the differences between the mean values 4, uo,..., 4.

If the values of oy, o0,,..., o} are not known from previous experience, they may be estimated from the
standard deviations of the subsamples and by replacing the o;'s in Equation (18) by the
corresponding s; 's. An estimate of the standard deviation calculated from the whole sample, disregarding
the fact that the subsamples originate from different strata (as we did above by estimating the mean),
might be quite misleading. [See comments to Equation (22) below.]
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If the samples from the different strata are not proportional to the relative sizes of the strata, then the
estimate of the mean of the whole population will be a weighted sum of the sample means from the
different strata with weights equal to the p/'s, the relative sizes of the strata. For stratified but not
proportional samples, the standard deviation and the variance of the estimate of that estimate will also be
more complicated because the variance has to be calculated for each subsample separately, even if the
population variances within the strata are equal. The variance of the estimate of the total mean will be a
weighted sum of the variances for the different strata and with weights equal to the squares of the p,'s.”

If no attempt is made to take into consideration the differences between the mean values of the different

strata, and a simple random sample is drawn instead of a stratified random sample, then the mean u of
the Inr\plllsn‘inn will he estimated with less Ihrt:r‘iqinn The whaole Ihﬁlhll|21‘inn of items then needs to be

regarded as a single group having a standard deviation o'. The mean x of the » observatjons in the
sample drawn at random from the whole population will have a standard deviation given by.Equation (10)
in8.1.2,i.e.

standard deviation of ¥ = 2 (20)

N

In the case of proportional stratified sampling, in which the conditions [Equation (17)] are satisfied, it can
be shown that:

' 2 2 2 2 2 2
o =\/p10'1 + pp0s + o+ prof + pi( — 1) + polpp — 1) - pr(ay, — 1) (21)
which, when o4 =0y =--- = 0} = o, simplifies to:
' 2 2 2 2
o' =02 + py( — ) + pap — i+ + pplali— 1) (22)

a quantity clearly at least equal to o. Hence, if 4, uo,..., 14 are not all equal to , i.e. the process
average changes from one source of supply to another, the mean of the batch will be estimated with less
precision.

The results discussed above hold~only when the sample fractions are small. If the sizes of the
subsamples are larger than 0,1 ‘of the stratum sizes, it is necessary to make so-called finite |population
corrections in the calculations of the variances and the standard deviations. This will cause a rgduction in
the variance. The larger the,sample fractions are, the smaller the variance will be. However, the estimate
of the overall mean is not affected by the finite population corrections.

Even when no exaebattempt is made to estimate the values of o4, o5,..., o, stratified sampling is often
employed to ensure that the resulting estimate of the population mean is as reliable as possible. In other
words, althoudgh no calculations of reliability are made, sampling is in fact planned so that thg standard
deviation is.given by Equations (18) or (19) rather than Equations (20) with (21) or (22).These points may
be illustrated by the following numerical example. The strength and other properties of bricks|depend to
sometextent on the position of the bricks during firing in the kiln. An investigation has shown that in a
patrticular case the standard deviation of dry strength for the whole batch of bricks from a single firing of a
kiln 'was given by:

o'=28 846 kPa

If, however, the cross section of the kiln was divided into nine areas, the averaged standard deviation of
brick strengths in a single area was the following:

o =5 081kPa
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It follows that the producer, taking say four bricks at random from each of the areas, could obtain from the
mean of the 36 test results an estimate of the mean brick strength of the kiln, having a standard deviation
of the following:

2 _847 kPa
36

NOTE It may be helpful to see this result obtained in two steps, as follows. The standard deviation for the mean
result of tests made on four bricks from any one position in the kiln is 5 081/~/4 =2 540 kPa. As nine averages of

similar tests are then themselves averaged, the standard deviation for the mean of the 36 tests will be
2 540 (~/9—=8474Pe:

The user, [on the other hand, does not have the opportunity to obtain in this way a sample that reflects the
variations [in the data. It is likely, but by no means certain, that neighbouring bricks in the consignment|he
receives will have come from the same parts of the kiln. The user therefore needs to take a sample from the
whole consignment and associate a standard deviation of o'l</n with the resulting estimate-of the mean
strength. To obtain an estimate about as reliable as that of the producer, which was based on 36 bricks, the
user needs to test about n = 110 bricks because, approximately:

-2 _1-843 kPa
110

It needs tp be understood that the above argument holds only when pritcipally it is the mean value of a
characterigtic that it is desired to control. In the example taken foryillustration, the mean strength of a
consignmégnt of bricks is not in fact the best criterion for assessing:quality. Both the mean strength and the
standard deviation of strength require control, as they both relate«to)the proportion of bricks that are below a
given strenpgth (see 8.5 and 9.5.2). The question of how to plan sampling appropriate to the simultanegus
estimation|of the mean and the standard deviation involves othier considerations, which cannot be entered ipto
here. The pomparison given, however, expresses in numerical form the advantage that follows if process dpta
is obtained at the time of production rather than by the sampling of consignments.

8.2.2 Duplicate sampling

For certain| products, it is the practice not to measure the characteristics of each individual item in the sample
but to recgrd a single value that is the granhd total of the individual values. For example, the total mass df a
sample of j: articles may be taken, but dotithe » separate masses. For sampling bulked materials such as cgal,
cement arld oil, the sampling metheds/may aim only at obtaining a single total measure as an estimatq of
quality. Hpwever, without additional“information, it is impossible to determine the reliability of this single
measure. [This is because eventif’results from a number of consignments are collected and compared, the
variation bptween them may-be-due to changes in the process mean value and not to sampling error.

The only datisfactory method of determining the reliability of a sampling procedure is for the same sampling
procedure|to be carried out independently several times on the same consignment or batch, and for the
deviation‘of-these independent results to be obtained. If the process variation remains approximately
stable, then the-reliability of the sampling procedure may be examined initially and rechecked gnly
occasionally~"An economlc method of mamtalnlng assurance of the contlnued reliability is to arrange that
independe 5 a
number of smaII portlons may be taken at regular mtervals from a conveyor, alternate portions put into two
separate receptacles, and the process of mixing, quartering, etc. and final analysis performed independently
in duplicate.

Suppose that x; and x, are the two test results that are to be used as an estimate of the real quality of the
consignment. Their difference may be expressed as d = xy —x,. From statistical theory, it is known that the
standard deviation of d in the consignment may be expressed in terms of the standard deviation of x in the
consignment by the formula:

oy =420, (23)
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This result remains true even if the process mean value changes from one consignment to another, provided

a)

b)

that the variation about the mean in the parts of the sampled bulk is approximately the same in all

consignments, and

that the duplicate samples are independent, e.g. if x; is above the real consignment value, then x, is as

likely to be below as to be above.

It follows from Equation (23) that, if these conditions are satisfied, o, /\/E may be used as a measure of o,
the standard deviation of either of the estimates x; and x,. As it is known that the standard deviation of the

mgan of x; and x, is o,/+v2, it follows that o,/+2 may be used for the standard-d¢
(xq +x5)/2. In order to keep a check on the continued reliability of the sampling and analytical
thg successive values of d = x; —x, may be plotted on a control chart (see 10.7).

=I

8.

lllustration of the use of the mean mass, and the lowest mass, in asample of pi
size of specimens of fabric

bviation of
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The principles considered in 8.1 and 8.2 are of equal importance whether the assistance of statistical theory
be|required in connection with the method of consignment sampling orzin-assessing how well t
mgan and variation are being controlled.

The following is an illustration of the use of the standard deviation of the mean, i.e. o/+/n, in cg
pling. Example 2 in 4.3 gave some figures for the massesvof 128 specimens from a roll @
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entially large-scale user first investigates the quality of such fabrics in the marketplace. He thg
t the specification and method of sampling should be:as follows: while it will penalize occas
ducer whose fabric has an average mass of x =¢100 dg and a standard deviation of indi
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bcimens, and that it is proposed that'the clause should specify a minimum mass that the mean
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Table 15 —Fractiles of the normal distribution corresponding to selected confidence lgvels

Confidence | Chance of error One-sided interval Two-sided interyal
o U o
% % a U_g 2 )
90 1LY 0,10 52816 0,05 6449
95 5 0,05 1,644 9 0,025 1,960 0
98 2 0,02 2,0537 0,01 2,326 3
99 1 0,01 2,326 3 0,005 2,5758
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From Table 15, which gives details of the fractiles of the standard normal probability curve, it may be expected
in the long run that, for example:

10 percent of means (i.e. 1 in 10) will fall below x—1,281 60 /~/n;
5 percent of means (i.e. 1 in 20) will fall below u —1,644 96 /n;

1 percent of means (i.e. 1 in 100) will fall below x—2,326 30 /n;

—
0,5 pgrcent of means (i.e. 1in 200) will fall below z— 2,575 8o /N 7.

He decidep to fix the minimum so that a producer whose standard of quality is represented by =100 (g,
o = 3,5 dg will be liable to have only one sample in 20 rejected. The limits were therefore set as follows.

For sgmples of size 4, L, =100-1,644 9><3,5/\/Z:97,12.
For sgmples of size 8, Lg =100 1,644 9><3,5/\/§ =97,96.

For sgmples of size 16, L, =100 1,644 9x3,5/~/16 = 98,56.

These limits are shown in the left hand side of Table 16 together with thesnumber of samples, represented in
Figure 5in4.3.2, which would be rejected if these specification limits werevimposed.

Suppose that it was decided to demand a higher quality of material-having a mean mass per specimen of at
least 103 ¢ig, and as before a standard deviation not greater than o = 3,5 dg. The specification limits, which
are now 3 higher than before, are shown on the right-hand\side of Table 16, together with the number of
samples (ffom Figure 5) that would now be accepted.

Table 16 — Fabric specimens —Testing rule based on sample mean

Case =100 dg Case 4#=103dg
Size of . i
Sample | LiMit | Number of samples in Figure 5 | LiMit | Number of samples in Figure 5
in dg rejected in dg accepted
4 97,12 5 out of 32 100,12 17 out of 32
97,96 2 out of 16 100,96 3 out of 16
16 98,56 1 outof 8 101,56 0 out of 8

The advantages of adjusting the limits to suit the sample size are now evident. Note that the mean gnd
standard dleviation<of ‘'the 128 test results are 99,91 dg and 3,49 dg respectively. The first case, With
u =100 dg, illustrates the way in which a producer whose material lies on the borderline will receive broadly
similar treatment'whatever the sample size. The second case vividly demonstrates how the user may protect
himself agpinst receiving material of quality inferior to the standard at which he aims by increasing the numter
of specimens 1o be subjected 1o the test.

In the earlier use of these data in 4.3, it was suggested that the minimum criterion might be applied to the
lowest mass in a sample of n test specimens instead of to the mean. If the masses vary according to a normal
distribution with a mean g and a standard deviation o, then such limits can be determined; the limits are of
the following form:

L=u-ko
where the value of k£ depends upon the number, n, of items in the sample and the chance, «, of rejection or of

acceptance that it is decided to adopt. In fact, k is the (1 — a)!/" fractile of the standard normal distribution
which can be obtained using a scientific calculator.
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Suppose, for example, that it were again decided to fix a minimum limit such that a producer conforming to a
standard of quality represented by ¢ =100 dg, o = 3,5 dg will tend to have one sample in 20 rejected. Then
the appropriate factors, k, are shown in Table 17, together with the resulting critical limits and the number of
rejections among the same series of samples, i.e. those of Figure 5 in 4.3.2. The results of choosing a higher

sta

ndard of quality, # =103 dg, are shown in the right-hand side of the same table.

Table 17 — Fabric specimens — Testing rule based on smallest mass in sample
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Case =100 dg Case u=103 dg
Size of Factor & | Limit Limit
sampte mi Number-of samplesin Imi Num
in dg Figure 5 rejected in dg Figure 5 accepted
4 2,234 92,18 2 out of 32 95,18 23 out of 32
2,490 91,28 1 out of 16 94,28 11 out'of 16
16 2,726 90,46 0 out of 8 93,46 6-ouit of 8

5 instructive to compare Table 16 and Table 17. As in the case of basing the test on the sample
-hand side of Table 17 shows that, even when basing the test on.the smallest mass in the
ducer whose material lies on the borderline will receive broadly similar treatment whatever the sa

e most noticeable difference between the tables is how much better the user safeguards hims
eiving material of inferior quality by using the sample mean‘mass rather than the smallest of the
sample.

ould not be justifiable to draw general conclusionsfrem a single practical example. This is parti
h this example as the test specimens were cuf\from the same roll, so the variation from sp
pcimen would not have been entirely random.. However, the general conclusions that this exampl
in accordance with what would have been predicted by statistical theory.

b focus of this example has been on prétecting the user against receiving material of low mass.
mass may, however, be an important:characteristic, that is to say it may also be desirable to prot
acceptance of fabric with a large‘variation in mass from specimen to specimen. For this purpos
possible to specify some upper limit either to the standard deviation, s, or to the range (i.e. the
ween the heaviest and lightest specimens) in a sample. The question of control of variation is
br in connection with controlcharts (see Clause 10).

| Tests and confidence intervals for means and standard deviations

.1 Confidence intervals for means and standard deviations

ample«provides an estimate of the mean and the standard deviation of a variable x in the popu
ch thezsample is drawn, that is to say x and s provide estimates of 4 and o. It has been indic
sample does not contain many items, then these estimates may not be very accurate; the inz
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purposes, a rather more precise method of expressing the uncertainty of estimation may be desirable. This
can be provided by statistical theory, but only on certain assumptions, which are summarized below, and
which must not be overlooked in using Table 9. The problem and its solution may be put in the following form.

Given a sample of size n having, for a certain measured variable, a mean x and a standard deviation s, to
determine

a)

b)

the limits g4 and u, between which the population mean y is likely to lie, and

the limits o4 and o, between which the population standard deviation o is likely to lie.
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The expression “is likely” needs to be defined in terms of probability. For example, the limits may be chosen in
such a way that, using limits derived in the same way on repeated occasions, we would be wrong only one
time in 50 (i.e. 2 % of the time) in the long run. Such limits may be calculated as follows:

for the population mean, w4 =x—-as, uy=X+as (24)
for the population standard deviation, o4 =b4s, oy =bos (25)

where the factors a, b4 and b, are given in Table 9 for four levels of probability and for sample sizes n from 5
to 30.

For larger palues of n, the following approximations to a, b4 and b, are reasonably accurate:

a= “ ,b1= L andb2= L

Jp-3 U o
2n 2(n—2)

where the| values of u are related to the chance of error for two-sided intervals\for a standard normal
distribution] as shown in Table 15.

For example, the value of u for a 10 % chance of error with a two-sided confidence interval is 1,644 9. Fdr a
sample off size 30, the values of a, b and b, for a 10 % chance of{error are calculated from these
approximations as 0,317, 0,825 and 1,282, which are reasonably close-to.the correct values 0,311, 0,825 gnd
1,280.

These limits on the population mean and population standard deviation are called confidence limits, becayse
they are agsociated with a stated measure of confidence. If, for'instance, we have a sample of 10 items, and
assert thaf|in the sampled population the mean lies in the range:

x —0,p80s to x +0,580s

then it can| be seen from Table 9 that we should(expect such predictions to be correct about 90 % of the time
in the long run, and in error 10 % of the time. About half of the 10 % of erroneous assertions would [be
because i -0,580s exceeds the population mean u and the other half because x +0,580s was less than| s.
On the other hand, if we take the wider range:

x —0,893s to x +0,893s

we shall bp 98 % confident /that'we are correct, knowing that there is only a 1 % chance that x —0,893s will
exceed u|and a 1 % chancethat x +0,893s will be less than u. The interpretation will be similar for the case
of o.

One-sided|confidence intervals may be appropriate if either an upper or a lower limit may be fixed by definitjon
and obseryed values are close to such a limit. This can be, for example, the case for the standard deviatipn,

which has| te_be’ positive. In other situations, one may be interested in only the high or small values of a
parameter| e ol IthQih|Q high values of the mean value of a normal distribution

Two-sided confidence intervals are appropriate when all possible values of a parameter are of interest.
Table 9 was designed for two-sided intervals, but can be used for one-sided intervals simply by doubling the
chance of error. For example, if an upper confidence limit on o was required at 99 % confidence when the
sample size is 15, the chance of error of 1 % is doubled to 2 % to locate the appropriate value of by, which is
1,734. Thus, we would have 99 % confidence that o is less than 1,734s.

The validity of such confidence limits depends upon certain assumptions, viz.:
1) that the variation is under statistical control. For instance, whilst the sample might be any one of

those in case 1 or case 2 of Figure 35 in 6.1.1, we clearly could not expect to derive meaningful limits
from any one of the samples in cases 3, 5 or 6;

70 © ISO 2009 - All rights reserved


https://standardsiso.com/api/?name=c18e5b81c1ca96ad2ffc6deb96b0f57d

ISO/TR 18532:2009(E)

2) that the form of variation among the items is represented approximately by the normal curve (see
5.3.8);

3) that the sample has been drawn at random from a much larger population. This condition is generally
satisfied if the sample size is no more than 5 % of the population size. If, for example, a sample of 10
items were to be drawn at random from a lot containing only 20 items, then it would be possible to
estimate the x and o of this lot from the X and s of the sample within considerably narrower limits.

The first assumption is of particular importance. It cannot be emphasized too strongly that if the variation is not
under statistical control, then it is foolhardy to attempt to predict the characteristics of the population from a
sample chosen at random

In practice, statistical control will rarely be perfect, so it is advisable not to pay too much attenlion to the
prgcise risks associated with the limits. It is better to regard the constants in Table 9 as) part ¢f a useful
working tool, whose value will be tested by experience. For the same reason, although the constants are
given to three decimal places of accuracy, some common sense is necessary in determining how many
figlires are worth retaining in the calculated confidence limits.

The following illustration is based on the canned tomatoes data given in Table ™. The unit of measurement
thrpughout is the mass in grams.

The first group of three shifts provide a total of 12 observations, with ¥<=404,16 and s = 1,681. If we assume
thgt the process is in statistical control, we may use these values to define limits within which we [would feel
confident that the mean and standard deviation of production liesy*Choosing a 98 % confidence level (i.e. a
2 % chance of error), we find from Table 9 that « = 0,785, ./~0,667 and b, = 1,899, giving the following
values:

i)  for the mean of production, 404,16 + 0,785/« 1,681, i.e. 402,8 to 405,5;
i) for the standard deviation of productioii; 0,667 x 1,681 to 1,899x 1,681, i.e. 1,12 to 3[19.

The range of uncertainty is clearly very large ~Adding further observations to the group can narrow fhis range.
Suppose that we base the confidence limits ‘en the first six shifts, doubling the number of observations to 24.
Calculating from the original data in Table 11, it is found that x =404,22 and s = 1,598. The copstants for
98(% confidence limits are found fram,*Table 9 to be « =0,511, b, =0,743 and b, = 1,502, giving limits as
follows:

I) forthe mean, 404,22 + 0,511x 1,598, i.e. 403,4 to 405,0;

II) for the(standard deviation, 0,743 x 1,598 to 1,502 x 1,598, i.e. 1,19 to 2,40.

The extra informatiof’ has narrowed the limits, as expected. In both cases, the limits include the values
u [=403,8 and 6 ='1,91 calculated from the first 160 test records.

8.4.2 Testsfor means and standard deviations

8.4.21" Terminology

In constructing statistical tests, it is important to be precise about the hypotheses under consideration. Some
terminology is helpful here. Generally speaking, the hypothesis of “no difference” or equality of population
values is called the null hypothesis, and is usually denoted by Hg. The hypothesis against which this
hypothesis is to be compared is called the alternative hypothesis, and is usually denoted by H,. The test is
performed on the value of a test statistic that is calculated from the sample data. The region of variation of the
test statistic that leads to rejection of the null hypothesis is called the critical region. The probability that the
test statistic falls in the critical region when the null hypothesis is true (thereby leading to the erroneous
decision to reject the null hypothesis in favour of the alternative hypothesis) is called the size or significance
level of the test, usually denoted by «. Finally, the probability that the test statistic falls in the critical region
when the alternative hypothesis is true (thereby leading to the correct decision to reject the null hypothesis in
favour of the alternative hypothesis) is called the power of the test. The power is usually denoted by 1- 3. A
good test will have high power and a low value for the significance level.
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A rejection of the null hypothesis when the null hypothesis is true is called a Type | error, or an error of the first
kind. A rejection of the alternative hypothesis when the alternative hypothesis is true is called a Type Il error,
or error of the second kind. It follows that the probabilities of Type | and Type Il errors are « and g
respectively.

8.4.2.2

Test of a population mean against a given value

A simple example will illustrate these concepts. Suppose that the standard deviation of a normal population,
o,is known but that the mean, y,is unknown. We wish to test the null hypothesis:
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Figure 37 —lllustration of one-sided test

8.4.2.3 Test of the difference between two population means; degrees of freedom

A {ew remarks are in order ai-this’ point about the concept of degrees of freedom. Degrees of freedom are

pafameters of a number of important statistical distributions, and therefore form a natural quantity by which to

talqulate them. For the straightforward case of a standard deviation in a single sample, it makes very little
difference whether the~fabulation is in terms of sample size n or degrees of freedom v, for in that case

v +#n—1. But tabulating the distribution of the appropriate statistic in terms of degrees of frgedom can

fadilitate the use of the tables for other cases, for example:

a)| for a single’'sample where the number, say &, of independent constraints is greater than 1; the fable could
be used‘in such a case with v =n—k;

b) | fork samples of sizes ny, ny, ..., n;, with different means but equal standard deviations tha{ are to be
combined for the purpases of ncfimnfing their common standard deviation; the table could be used in
such a case with v =(ny =)+ (ny =) +---+(n, =) =n—k where n=ny+ny +---+ny.

The appropriate statistic to use in such problems when ¢ is unknown is the z-statistic, a tabulation of which is

provided in Table A.6.

Consider case b) with £ =2, the comparison of the means of two populations when neither the population

means nor the population standard deviations are known. Suppose the hypotheses are as follows:

Hg @y = pp against Hy : py # 1y
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The sample data are a random sample of size nry from the first population and an independent random sample
of size n, from the second population. The sample means are x; and X,,and the sample variances (i.e.
squares of the sample standard deviations) are s12 and s2 given by:

Z(M )? and Z(xz %, )?

I’l1—1 I’l2—1

Consider the statistic d =x; —x,. Assuming that the sample sizes are small by comparison with their
respective population sizes, we know from statistical theory that the population mean of d is as follows:

Hg =t — 2

and that the population standard deviation of d is as follows:

o2 of
oy = —_—t—
n ny

where g4 [and 4, are the population means and oy and o, are their standard.deviations. The hypotheges
can be redtated as Hy: u; =0 and Hy: u; # 0. The test is two-tailed, as the critical region of the test (where
the truth of Hy would be in doubt) will clearly consist of the large positive and negative values of 4.

U

We shall ¢onsider only the case where the two population dispersionsiare the same, i.e. o4 =0, =0. The
formula fof o, then simpilifies slightly to the following:

/ 1 1
Oy =0 _—t—

nm Ho
An estimaje of o is s obtained by adding the numerators of the expressions given above for s12 and 5,
dividing by| the sum of the denominators, and then takihg the square root, i.e.:

sz\/Z(M -5) +Z(X2—9_62)2

(g =)+ (ny —1)

with degreps of freedom v = (ny — 1) (ny, —1). Substituting for o in the previous formula, the following estimpte
is obtained:

1 1
Sqg = —+—
m ng

of o,. The upperfractile #,4_,,, corresponding to a two-tailed test with the required significance level ¢ is
read from [the4-table (Table A.6). The null hypothesis is rejected in favour of the alternative hypothesis if the
confidencg interval for x,, with limits d £¢,4_,,2s, does not include the value zero.

8.4.2.4 Power of the test

As with all statistical tests, the power of the test as defined in 8.4.2.1 should be assessed in advance of
collection of the data. Too often, in practice, the power is wholly disregarded in planning a trial and the results
turn out to be inconclusive. In this example, the power would have to be assessed rather than determined, as
the value of ois unknown. If the assessed power turned out to be lower than required for detecting a
difference of a given magnitude between the population means, consideration should be given to increasing
one or both sample sizes. If this is not possible, it may be decided not to waste resources in carrying out the
trial or experiment, as the outcome is so unlikely to tell us anything we did not know (or thought we knew)
already.
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There is always the possibility that the power will be found to be higher than required in which case the size of
the proposed trial could be reduced.

In many cases, and this example is no exception, the calculation of the power involves relatively advanced
statistics, which may explain why considerations of power are often avoided. However, the speed of modern
desk-top computers now enables the power of any proposed test to be assessed by means of simulation
using simple statistical concepts.

The following formula combines all the quantities that are important for the power of the two sample #test:

Th

nt

Th
ch
tes
thd

sa
id%tical, Equation (26) can be converted into a useful formula that can give the‘*¢ommon size of ez

2
_ (m-m2)
I’l1 I’lz
b quantities are the level « of the test, the power 1 — £, the unknown variance-of the popul
ple sizes, and, finally, the differences between the means of the populations: If the sample

2
(g2 +11-p)

at is needed to obtain a specified power:

62

2
n=2t_g12+tp) 5
H —ﬂz)

e formula is used as follows. First, the smallest differencelin‘'means 4 — w4, that it is important
bsen. This quantity is called the minimum relevant difféerence in some disciplines. Then the ley
t and the desired power 1 — £, and finally an informed,guess of the unknown variance is made
variance is often the difficult part and may require<some experimentation. There is a slight com

ap
sa

thg formula, as the following example shows.

Suppose the minimum relevant difference’is 14 — 1, =25and the population standard deviation
Suppose further that the level of the test'is «= 0,05 and the power 1 — £ is 0,9. We then start by
thgt we have an infinite number of -degrees of freedom and find the fractiles in the bottom row of

W

Ap|

blying Equation (27) because the degrees of freedom of the ¢ fractiles on the right-hand side dep
ple size that we want to determine. But it orily’means that one may have to make a couple of i

find t1_, /2 =19975 =1960 and\#_g =199 =1,2816. Using Equation (27) gives
2 2
=2ty gip+ 1 p) T =2(196 +12816)° 20 5 =13,45
(1= 112) 25)
plying the formula again with degrees of freedom 26 corresponding to a total sample size of 28 g
2 2
n =812+t pf —— =2(2,0555+1,315)% 20 5 =14,54
t = 1) (25)

(26)

ations, the
sizes are
ch sample

(27)

to verify is
el o of the
Guessing
plication in
end on the
erations in

is o=20.
pretending
Table A.6.

(28)

ves

(29)

Using the formula again, with a total sample size of 30 and 28 degrees of freedom, changes the sample size
very little (» = 14,46), so the conclusion is that a total sample size of 30, with 15 observations in each sample,
will give a power of 0,90.
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8.4.2.5 Comparison of two means in the case of paired observations

Increasing the sample sizes is not the only way to increase the power. Another is to improve the precision of
the comparisons by eliminating or reducing the effects due to differences between the samples of raw material
on which measurements or treatments are carried out. For example, suppose we wish to compare the effect
of two fertilizers, A and B, on a certain crop. One approach would be to apply fertilizer A to one random
sample of n test plots and fertilizer B to a second random sample of « test plots, the 2n plots all coming from
the same fairly homogeneous field, and then to compare the two yields. But plots will inevitably differ with
regard to drainage, levels of nutrients, etc. and by pure bad luck we could select two samples such that most
of the plots in one sample were inferior to most of the plots in the other. Th|s could compromise the
conclusio
reduce the power of the test to an unacceptable level, with commercially significant differences betwgen
fertilizers Having too high a chance of not being detected.

A simple way of reducing the effect of plot to plot variation from such a test would be to select adjacent pairs
of plots, agplying fertilizer A to one of each pair chosen at random, and fertilizer B to the other:

Suppose the yield from the ith pair of plots is x; for fertilizer A and y; for fertilizer B)Then the differefpce
d; = x; — y] would be affected hardly at all by plot to plot differences, assuming that adjacent plots are nearly
identlcal his is called the method of paired comparisons (see 1SO 3301 ['1yy‘\Provided x and y fare
independent and have approximately normal distributions, the differences d will"be approximately normally
distributed| about the population mean difference u; with a population standard deviation o,. The sample

The precige nature of the test will depend on the null and alternative hypotheses and the significance leve| of
the test. If|the two fertilizers are new and untried, we may simply wish to determine if one is superior. This
could be done using a two-tailed test of Hy:u; =0 against Hj\u,; #0; alternatively, and equivalently, a
two-sided fonfidence interval for d could be calculated, to see whether or not it included the value zero. On fhe
other hand, fertilizer B may be the standard against which a mere expensive new fertilizer A is being tested} in
this case, the new fertilizer may need to improve yield byfnore than an amount ¢ to justify its extra cost. This
could be done by means of a one-tailed test of Hj : g \=c against Hy: u; >c. Or fertilizer B may be a null
treatment,|i.e. no treatment at all, in which case we would use a one-tailed test of Hj:u; =0 against
Hy: uy > (0 to determine if fertilizer A is effective. In all of these cases, Table 9 could be used.

The methqd of paired comparisons can be even more effective when the same item of raw material can|be
used for bpth treatments, e.g. in comparing-the results of two test methods or two measuring instrumentsg or
two laborgtories on the same produet.\The test or measurement process would clearly have to be npn-
destructivg, e.g. measuring the strand widths of samples of tobacco for the purpose of classifying a
consignmgnt as pipe or cigarette, tobacco, to determine the rate of duty payable. The method of paifed
comparisops is particularly suitable for comparing the responses before and after a certain type of treatmenf.

Any information from previous trials of the likely size of o; should be utilized to determine the sample size n
that will provide sufficient'power.

8.4.2.6 [Comparisons of standard deviations

We have Iready seen in 8 4.1 how to set confidence limits for a population standard deviation o. Tesling
whether oisZequs e € = : . . ind
seeing if oy lies |nS|de the |nterval A problem we have not yet addressed is testlng for dlfferences between
two population standard deviations o, and oy The problem is tackled by determining if s, /s differs
significantly from unity.

Suppose we have a sample of size n; from the first population and one of size n, from the second
population. The respective sample standard deviations are s, and Sy Then a 100(1-«) % two-sided
confidence interval on o, /o, is

Sels, Sels,

\/Fn1—1, ny—1, t-al2 \/ =1, ny—1, al2
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where Fy, 4 ,, 1142 @d F, 4 ,, 1 42 are the upper and lower (a/2)-fractiles of the F-distribution, with

ny—1 and n, —1 degrees of freedom.

Tables of the F-distribution are three-way and therefore too extensive to reproduce here, so to illustrate the
method we will simply quote the appropriate fractiles from published tables. Suppose a sample of size 10 from
the first population yields s, = 10,5 and a sample of size 16 from the second population yields Sy = 6,8. Is this
evidence sufficient to conclude with 95 % confidence that there is a difference between o, and o, ?

The significance level of the test is 5%, or 0,05. From tables of the F-distribution, it is found that

Fyrs o7 =3t 2Rty poos— 6265 Thefatio—s15—16;5/6:8—=+544—~-85-%eonfidereeinterval on

/ay is therefore 1,544/./3,12 to 1,544/./0,265 ,i.e. 0,874 to 3,00.

Ox

S;

rice this range encloses the value 1, we cannot conclude that there is a difference between o, and o).

One-sided tests can be treated in a similar way by calculating either of the one-sided.confidence int¢rvals:

s Is s.1s
A S S O - 15
L Fyi 4, ny-1, 1-ax

angl determining whether or not the value 1 lies in the interval.

=)

ISQ 2854 [31 and 1SO 3494 [12] deal with estimation and tests.for‘means and variances with power functions for
tests.

8.4.3 Equivalence of methods of testing hypotheses

It ghould be noted that there are three strategies.for testing a null hypothesis, all of which are eqdivalent. All
reject Hy in favour of H,

—| if the value of the test statistic falls\in-the critical region,

—| if the p-value for the test statistic (i.e. the probability that the test statistic takes the observed|value or a
more extreme value given-that Hj is true) is equal to or smaller than the chosen significance Igvel ¢, and

—| if the appropriate type of confidence interval (one-sided or two-sided depending on whether the
alternative hypothésis’is one-sided or two-sided) with confidence coefficient (1—«) does not include the
value of the paranjeter specified under H,.

ThE appropriate strategy to choose from among these depends on the actual situation.

8.% Simultaneous variation in the sample mean and in the sample standard deviation

Unfil-now, we have considered the variation in sample means and standard deviations separatgly, but for
problems of the type to be discussed later, the two need to be treated together. The nature of their relationship
can be illustrated most clearly by plotting a point (x, s) to represent each sample on a diagram having x and s
as co-ordinate axes. Such a diagram for the canned tomatoes data is shown in Figure 38, where each of the
40 dots represents a set of four test results. In the centre of the field, shown by a triangle, lies the point (o)
representing the whole aggregate of items sampled; the values used are for all 160 original observations,
namely x#=403,8gand o=1,91g.
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Suppose now that an increasingly large number of shifts were sampled, the can contents weighed, the mean
and standard deviation for sets of 4 results calculated and the points (X, s) plotted on the diagram. An

increasing swarm of points would surround the central spot (u, o).

Assuming production to be under

statistical control, theory would allow the prediction, at least approximately, of what may be called the density
of this swarm of points at different distances and in different directions from (x, o). In other words, we could

express the chance that a sample point (x, s) would fall in any prescribed region of the diagram.

An illustration of where most of the sample points (x, s) would be expected to fall is given by the standardized
(x, s) control charts of Kanagawa, Arizono and Ohta [103]. These charts, which are based on information
theory, are useful for determining the type of departure from control by considering X and s simultaneously. A

standardiz

ed (? c) control chart for Qamplp size 4 _with limits for which there is nnly a 27 in 10000 risk

per

observatio

points [(x

(The reasq

10.6.)
Y
4
31
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b 38 —="Scatter chart for sample means and standard deviations in canned tomatoes data

h of a false out-of-control signal, is shown in Figure 39 for the canned tomatoes data; the 40 samjple
- 1y) 0,5/ 0p] have been plotted on the chart for target values of 1y=404,0g and oy=1,90 g.
n for the strange choice of probability, 27 in 10 000, or 2 in 741, will become evident in|10.5 gnd
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Figure 39 — Standardized control chart for mean and standard deviation
The regions on the chart are identified as follows,

A. The process is in control.

B. The process is out of control because of a change in the process mean.

C. The process is out of coptrol because of a change in the process standard deviation.
D

The process is out'ef control because of a slight change to both the process mean and the process
standard deviation.

E. The process-is out of control in both the process mean and the process standard deviation

Allfof the 40 plotted points lie in region A, indicating that the tomato canning process is in control wjith respect
to pet mass.

The chart is standardized so that the same chart can be used regardless of the values of 1, and oy. The
chart-would only need to be changed if the sample size or false signal rate were changed. Increasgs in either
of these quantities shrink the boundary lines and curves closer to the point with co-ordinates
(x—1g)og =0, slog =+/nl(n-1).

What is particularly interesting about this type of chart is the shape of the region A in which most of the
standardized sample points [(x — 1)/ og, s/ og] are expected to lie when a process is under control. Note that
the closer s is to the target value o, the more latitude is allowed in X; similarly, the closer x is to the target
value g, the more latitude is allowed in s. In other words, there is, in a sense, a natural trade-off between
estimated departures of 4 from gy and estimated departures of o from og. Traditional control charts, by
contrast, treat x and s separately (see Clause 10). Superficially, the latter approach may seem logical from
the point of view that X and s are known from statistical theory to be independent in samples from a normal
distribution. But it allows no trade-off between the estimated departures from the target values 1, and oy and

is equivalent to having a rectangular in-control region on an (x, s) chart.

© ISO 2009 - All rights reserved 79


https://standardsiso.com/api/?name=c18e5b81c1ca96ad2ffc6deb96b0f57d

ISO/TR 18532:2009(E)

The joint consideration of X and s will be a recurring theme later in this clause and also in discussing methods
of determining conformity to specification in Clause 9.

8.6 Tests and confidence intervals for proportions

8.6.1 Attributes

For many quality characteristics, it is either impossible or impracticable to obtain a measure of the
characteristic on a continuous scale. For example, consider office cleaning services. A random sample of
rooms could be inspected after cleaning to check that waste bins had been emptied, filing cabinets and desks
had been|dusted, and carpets had been vacuum-cleaned. For each of these three characteristies [an
experiencgd inspector would have little difficulty determining if the operation had been carried outyto a
satisfactory standard, and deciding that a room had been satisfactorily cleaned if it passed on all three-ehedks.
He would|have rather more difficulty in grading the extent to which these tasks had been’)done on a
meaningful continuous scale from, say, zero to one, and combining the grades in a coherent way_to come tp a
decision op whether the cleanliness of the room was satisfactory.

Characterigtics such as these, the realizations of which can most naturally be considered-to fall into one of fwo
states (pags/fail, go/no-go, ignites/fails to ignite), are called “attributes”.

For critical characteristics, e.g. those that may affect the safety of personnelevery effort should have bgen
made to gnsure that the proportion of nonconforming items in the population is as near zero as possible.
100 % inspection would be used where practicable, and the critical /items removed, in which case fhe
proportion|of critical items remaining in the population would be knowfte’be zero. This assumes, of course,
that the ingpection is 100 % effective.

For non-cnitical characteristics, there may be a need to estimatgithe proportion of nonconforming items in the
population} to calculate confidence limits on the proportion ifi\the population, to test the proportion againgt a
given valug, or to compare two or more proportions.

8.6.2 Estimating a proportion

To continye the office cleaning example, suppesé that a contractor is responsible for cleaning N rooms, J.e.
the size of|the population is N. On a particular_day, suppose that R of the rooms would fail inspection, i.e. t:l:ey
have not been cleaned to a satisfactory standard. The proportion of the population that would fail inspection is
therefore:

P=R|/N

R is unknown, so » rooms are.chosen at random and inspected, with r failing inspection. The question is how
best to estimate P.

A close analogy between the treatment of attributes and variables is possible here. Suppose the state df a
room is chpracterized/by a variable X taking the value 0 if a room is satisfactorily cleaned and 1 otherwise.

The populationof values of X then consists of R ones and (N — R) zeros, while the sample consists of » ones
and (n_rf Zeros. Denote the sample values of X by x. Then the sum of the sample values of X is equal 10 r,
i.e.:

Zx =r
The sample mean, X, is therefore given by the following:

Y:Zx/n:r/n:p (30)
The sum of X in the population is equal to R, i.e.:

2X=R
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The population mean, X, is therefore given by the following:

)?:ZX/N:R/N:P

(31

It was stated in 8.1.1 that the sample mean is an unbiased estimator of the population mean. Here, we use x
from Equation (30) as an unbiased estimator of X from Equation (31), which translates into using the sample
proportion p as an unbiased estimator of the population proportion P. The lack of bias holds good even when
the sample size is a large proportion of the population size. For our example, if a sample of 50 rooms reveals
that 2 were inadequately cleaned, it would be estimated that 2 out of 50, i.e. 4 % of the rooms in the
population of rooms under consideration were unsatisfactory.

8.4.3 Confidence intervals for a proportion

Gi

intg

no

10

P

Th

en that a random sample of size n contains » nonconforming items, it may be required to

P,. These limits can be interpreted as follows.

i) If P were as low as P, there would be a probability ofyonly «/2 of finding
unsatisfactory items in a sample of size n.

i) If P were as high as B, there would be a probability of only «/2 of finding
unsatisfactory items in a sample of size n.

b probabilities in i) and ii) are calculated from a distribution called the binomial distribution.

sample sizes, the values of P and P, satisfying i) and ii)’may be found in published tables. For lar
sizes, approximate values may be read from published.charts.

Iti
to

stgndard deviation of p, the estimated proportion. As the values of x are all zero or one and the squ
is zero and the square of 1 is 1, we havehe following situation:

Th

SO

ZxZ:Zx:r

b sample standard deviation of x (see 5.2) is therefore given by the following expression:

‘= sz_m—fz ) /r—r2/n_ [r(1=r/n)
n-A n-1 n—1

an estimator of the standard deviation of x (or p) is as follows:

brovide an

erval, say P to P, within which we may have a given confidence that the true proporfion, P, of
nconforming items from the production process lies. Suppose that the cohfidence is dgnoted by
D(1—a) %, with the chance of error of 100 % being equally divided between the case P < B and the case

i or more

- or fewer

For small
jer sample

5 instructive to see how far the analogy between the treatment of attributes and variables can b¢ extended
provide approximate confidence limits. Tesemulate the procedure in 8.4, we require an estimate of the

are of zero

a,vg_AV/Z(“ZJ_ )

n-1 ' n-1

This is the point from which the analogy becomes rather stretched. Confidence limits on P can be obtained by
assuming the distribution of p is approximately normal. A two-sided confidence interval for P would then be of
the form (B, B,) where:

P=p-u Mand P=p+u }P(1—P)
n-1 n—1
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where u is the upper («/2)-fractile of the standard normal distribution. If a one-sided confidence interval were
required, then only P, or P, would be required; the chance of error would then only apply at one end of the
interval, so the appropriate value of u would be the upper o-fractile of the standard normal distribution (see
Table 15). Unfortunately, the normal approximation to the distribution of p is poor unless either P is close to
one half or the sample size is quite large. In cases where this is not true, the use of this approximation should
be confined to cases where only rough approximations to P, and B will suffice.

Much effort has been devoted in the past to obtaining accurate approximations for P and P, generally
involving methods of improving the closeness of the normal approximation. See, for example, Molenaar [113]
and Blyth [76],

8.6.4 Comparison of a proportion with a given value

Another common problem is how to determine whether a sample proportion differs from a given-pepulatjon
value by more than can be attributable to chance. For example, would three substandard items(in @ sample of
size 30 bqg sufficient to provide 95 % confidence that the percentage of substandard itemsqin_the populafjon
under consideration exceeded 3 %?

There are|two ways of answering this question. The first is to determine from the_Sample results the loyer
one-sided [95 % confidence limit on the percentage in the population, answering-‘yes” if 3 % was below this
value and ['no” otherwise. The second, a kind of inversion of the first, is to determine the probability of findjing
three or mjore substandard items in a sample of 30 when the percentage in the population is 3 %, answernng
“yes” if thig probability is below 0,05 and “no” otherwise. The methods are €ssentially equivalent, but the lafter
has the advantage that it provides an actual measure of the confidence, rather than the result that it exceeded
or did not ¢xceed 95 %.

To answef the question in this specific case, the first method-produces a lower confidence limit at 94 %
confidencg of 2,7 % substandard items in the population. (This can be found from published tables, ¢.g.
ISO 11453 [41])) As 3 % lies within the confidence interval, we would conclude that the sample resul{ is
compatiblg with a population percentage of 3 %. Alternatively, the probability of a random sample of 30 itefms
containing|three or more substandard items when the_percentage in the population is 3 % can be shown to|be
0,06. As tHis is greater than 0,05, the sample result does not provide sufficient evidence to conclude with 94 %
confidence that the percentage of substandard items in the population exceeds 3 %. In fact, we would dnly
have confidence 100(1-0,06) =94 % that such-a conclusion was correct.

It may seem somewhat surprising that a-sample result of 3 in 30, i.e. 10 %, is insufficient to provide very hjgh

confidencg that a population percentage exceeds 3 %. This goes to show how important it is to take ipto
account the sample size when assessing a sample result.

8.6.5 Comparison of twoproportions

Another r¢lated group <ef-questions that can be answered by the use of appropriate statistical methgds
concerns Whether the difference between two sample proportions is more than can be attributable to change.
Suppose that a randem sample of size n, is taken from one population and a random sample of size n, from
another pdpulation: (Usually n; and n, will be chosen to be equal.) Suppose further that the numbers of itefns
with a given characterlstlc in the samples are determlned to be 1 and r,. The two sample proportlons pre
therefore Ip,= . / k DUS
questions that may be asked on the basis of the sample evidence are:

a) what confidence may we have that A is different from P, ?
b) what confidence may we have that P, exceeds B, ? or

c) what confidence may we have that A is less than P, ?
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If pqisless than p, in case b), or p, is greater than p, in case c), then we could answer “not very much”
without having to carry out any statistical calculations at all. The same would be true if p; and p, are
approximately equal. In all other cases the answer may be determined by the use of tables of a distribution
called the hypergeometric distribution. Special tables have been developed for directly determining the
significance of any differences between p; and p, when n; and n, are small. For larger values of r; and

ny, @ number of approximate methods have been devised.

8.6.6 Sample size determination

For tests on proportions, as with tests on means and variances, it is important to keep in mind the probability

of

Th
ca
a
pu
arg

>

Fo
ag
po
€q
wh
ap

wh

Co
P
Eq

N

Eq
giv
of

ite

Jbicbtillg d u'iffww 1ICT Uf d DiLb tildt Wuuid IUE bUIIDidUIUUI illlpUliallt ;II pldbiibc, IU ti IS PUWCI

bre may be technical or economic reasons why the sample or samples have to be limited in-siz
se it is useful to know to what extent this limits the power. If not, joint consideration of thé requ
j significance level of a test will enable an appropriate sample size (or sizes) to be determined,

blished tables or from approximate formulae. The formulae can look somewhat daunting at firs
straightforward to use, albeit requiring a little care.

 example, suppose we wish to test the hypothesis that two population proportions, P and B,
hinst the hypothesis that P is greater than B,, assuming that the sample Size is to be the samq
bulations. The common sample size is required that will provide a confidence 100(1—«) % of ac
Lality hypothesis when it is true, and provide a power 100(1- 8) % of\¢oncluding that there is a
en P, and P, take certain different values (with P greater than-® ). Walters [35] has show
proximate sample size can be found as the solution in » to Equation (32):

1 g tip

2
- 2(sin_1 P —1/(2n) -sin~" [P, +1/(2n)]

ere uq_, and u_pg are respectively the upper a.fand g fractiles of the standard normal distribut

hsider the case of a significance level of ©% and a power of 90 % to detect a difference if P
=0,6. Setting « = 0,05 and g =0,10 and inserting the values of u from the left-hand side of Tab

uation (32) becomes:
2
sin™1,/0,8 = 1/(21) ~sin~"./0,6 + 1/(2n)j

4,982 2
(sin'J0,8 H(2n) —sin " /0,6 + 1/(2;1))2

uation (33) ¢an be solved iteratively by first guessing a value of n, then evaluating the right-hz
e a new value of n, and repeating until the values of n converge. Suppose that we start with an ir
n = 50.5It*can be verified that successive iterations of Equation (33) give n =109, 96, 98, 9
atiofis{are pointless, as they will evidently all produce » = 98. Thus, 98 is the appropriate size

1 1,644 9+42816

n=—
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(32)
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=0,8 and
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(33)

nd side to
itial guess
8. Further
of random

sallnple from each population.

Not only does this approximate method provide a solution in a matter of only a few iterations, but it is also very
accurate. Equation (32) can also be used for two-sided alternative hypotheses by replacing « by «a /2.

ISO 11453 411 provides methods of estimation, testing, setting of confidence limits and sample size
determination for problems relating to proportions.
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8.7 Prediction intervals

8.7.1 One-sided prediction interval for the next . observations

We may sometimes wish to determine the value of an upper limit, 7;;, based on the results of a random
sample of size n from a normal population, in such a way that we would have a given level of confidence that
none of the next m random observations from the same normal population will exceed T;. In general, this
upper limit is given by the formula:

Ty =x+gs

where x @nd s are respectively the sample mean and the sample standard deviation and g is a factor-that
depends gn the sample size n, on the number m of future observations and on the level of confidence
required.
Table 18 shows the values of this factor for a range of values of » and m for a confidence leyél-of 95 %.

Note the way in which the factor inflates as n decreases (due to having less informatien<on which to base the
prediction) or as m increases (due to being more ambitious in what the interval is to include).

Tabl¢ 18 — Factors, ¢, for calculating one-sided prediction intervals— Confidence level 95 %

Sample Number of future observations, i
size
n 5 10 20 50 100 200 500 1 000

5 3,7879 | 44178 | 50288 | 57938 | 6,3375 | 6,8525 | 7,4934 | 7,9515
10 2,8868 | 3,2841 | 3,6699 | 41593 | 45125 | 4,8510 | 52769 | 55838
20 25744 | 28907 | 3,1940 | 3,577.1/| 3,8557 | 4,1237 | 4,4632 | 4,7097
50 24153 | 2,6898 | 2,9488 | 32720 | 35044 | 3,7278 | 40112 | 42175

100 23661 | 26277 | 28727 \-3,1759 | 3,3925 | 3,5998 | 3,8616 | 4,0517
200 23422 | 25976 | 283657 3,1290 | 3,3376 | 3,5365 | 3,7869 | 3,968 0

From the |symmetry of the normal~distribution, it will be evident that a value of ¢ that provides a giyen
confidencg that none of the next m, observations exceed the upper limit 7;; provides the same confidence that
none of the¢ next m observations.are less than a lower limit, T}, given by:

T; =X —gs

To illustrate the use of one-sided prediction intervals, suppose that a retailer has complained to its suppjier
that severpl size<12"ladies' jumpers of a particular style had bust sizes above the nominal maximum| of
92 2 cm. The«supplier has 1 100 jumpers remaining out of a batch of this size and style, all of which wgre
made undérithe same conditions, and decides to check the bust sizes of a random sample of 100 of them.

11

None of the 100 measurements was found to exceed 92%2 cm. Past supplier data suggests that the bust sizes
tend to be approximately normally distributed, and a normal plot of the 100 measurements gives no grounds
to doubt the assumption of normality. The sample mean and standard deviation turn out to be x =90,1 cm
and s = 0,4 cm respectively. The factor for a one-sided prediction interval with » = 100 and m = 1 000 is seen
from Table 18 to be 4,051 7. The supplier can therefore be roughly 95 % confident that none of the remaining
1 000 garments have bust measurements in excess of 90,1 + 4,051 7 x 0,4 =91,7 cm.

As 91,7 cm is well below the nominal maximum of 92 %2 cm, the supplier continues to supply the retail trade
with jumpers from this batch.
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8.7.2 Two-sided prediction interval for the next m observations

:2009(E)

Alternatively, it may be required to determine both a lower limit 7; and an upper limit 7;; from our initial
sample of size n, such that we have a given confidence that none of the next m observations will lie outside
the interval (7;, T;;). These limits are given by the following:

Ty =x—-rsand Ty; =X +rs

where r, like g, is a factor depending on n, m and the required level of confidence. Table 19 shows the values

of

As
ba

specified range. The appropriate factor from Table 19 with » =50 and m = 200 is 3,950 2. Assumin
distribution of waistband measurements, a two-sided prediction interval is found to be 88,8 + 3,95(

4

i.e
86
the

Fo
giv
lim|
for|
leq
Mg

8.7

r for two-sided prediction intervals with confidence 95 % for some values of n and m.

95 %

Table 19 — Factors, r, for calculating two-sided prediction intervals — Confidence level
Sample size Number of future observations, m
n 5 10 20 50 100 200 500 1000
5 45773 | 52286 | 58517 | 6,6240 | 7,1698 | 7,6854 | 8,326 1 | 8,783 7
10 3,3210 | 3,7173 | 4,1025 | 4,5905 | 4,9424 | 5,2793\| 5,7029 | 6,008 2
20 2,9021 | 3,2076 | 3,5029 | 3,8784 | 41514 | 44451 | 4,7498 | 4,9929
50 2,6934 | 2,9523 | 3,1989 | 3,5090 | 3,7335 .3,9502 | 4,226 0 | 4,427 3
100 26298 | 2,8743 | 3,055 | 3,3941 | 3,6046 | 3,8012 | 4,0543 | 4,2386
200 25990 | 2,8366 | 3,0603 | 3,3383 | Q5372 | 3,7279 | 3,9689 | 4,144 0

an example of two-sided prediction intervals, suppese’that it is required to verify on a sample b
ch of 250 pairs of size L men's trousers have waistbands all in the range 86 cm to 92 cm.
ple of 50 pairs yields x = 88,8 cm and s = 0,78,cm, with none of the individual measurements

cm, the supplier decides it is in his‘best interests to check the other 200 pairs individually befo
m.

[ both one-sided and two-sided prediction intervals, it is also possible to provide factors that ass
en confidence that no morethan 1, or no more than 2, etc. of the next m observations will fall
its. However, the caseof zero out of m is generally of the most interest. It is also possible to proy
the case where the (process standard deviation s is known, or at least presumed to be so, which
d to smaller prediction intervals. See ISO 16269-8 [49] or Hahn [931. [94] Hahn and Nelson [96] and
eker [95] for further details.

.3 One:and two-sided prediction intervals for the mean of the next = observations

It

Pre¢diction intervals for the mean can be determined more readily from standard tables, being base

nay an the other hand be required to provide a prediction interval for the mean of the next m ob

asis that a
A random
butside the
j a normal
2 x 0,78,

85,7 cm to 91,9 cm. Since the lower limit of this prediction interval violates the lower specification limit of

e shipping

ture with a
butside the
ide factors
will tend to

Hahn and

servations.

d upon the

t-distribution. (Percentage points of the ¢-distribution are provided in Table A.6.) A one-sided upper limit for the
mean at confidence 100(1—-«) % is given by:

wh

- 1 1
Ty =X+l q1g XS4|—+—
n o m

ere ¢ is the upper a-fractile of the ¢-distribution with » —1 degrees of freedom.

n-11-a
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A corresponding one-sided lower limit for the mean of the next m observations is given by:

_ 1 1
Tp =X =ty q1-g XSy~ +—
n m

Note that #, 11_, only depends on two quantities, namely the sample size and the required confidence level,

as a result

Two-sided

of which tables of ¢ are rather more compact than the three-way tables needed for ¢ and r.

prediction intervals on the mean are given by (TL, TU) where:

and

prediction

8.8 Stat

8.8.1 St4tistical tolerance intervals for normal populations

We have s
finite num
interval is
values ma

The name
tolerance
prediction
cover, a |
interval.

For popul
prediction

Published
a) one-s

b) two-si

L 1 1
.c+tn_11_a/2><s —+—
' n m

It should always be borne in mind that departures from normality could cause-considerable errors in

A 1 1
_tn—1,1—a/2 XS [—+—
n m

ntervals, particularly when these intervals extend far outside the range*of the sample values.

istical tolerance intervals

he

per of future observations may be asserted to lig with a given confidence. A statistical tolera
plso derived from a sample, but is an interval within which a specified proportion of the popula
y be asserted to lie with a given confidence.

of these intervals is unfortunate, as-jt-can be misconstrued to mean the interval between
imits specified by the user. In faet the limits of a statistical tolerance interval, like those o

nterval, will vary from sample to.sample. As a statistical tolerance interval is asserted to include
roportion of the population, .an. alternative name that is sometimes used is statistical covera

btions that are normally* distributed, the intervals are constructed in much the same way
ntervals, but with different values for the factors by which the standard deviation is multiplied.

tables address,four cases:

ded limits.when the process standard deviation is known, of the form x — b0 or X + bo;

Hed intervals when the process standard deviation is known, of the form (x —b,0, X + byo);

een in 8.7 that a prediction interval is an interval,.derived from a sample, within which a speciEl(ed

ce
on

he
f a
or

ge

as

c) one-si

d) two-si

ded limits when the process standard deviation is unknown, of the form x —b3s or x + bss;

ded intervals when the process standard deviation is unknown, of the form (X —bys, X + bys)

where the constants &, by, b3 and b, depend on the sample size, the coverage and the required level of
confidence.

A simple example will illustrate this type of interval. A customer who has received a batch of 12 000 bobbins of
cotton yarn decides to check on its breaking load distribution. He takes a random sample of 24 bobbins, and
cuts from each a test piece of length 50 cm at about 5 m distance from the free end. The central part of each
test piece is tested for breaking load. The unit of measurement is the centinewton. The sample mean and
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standard deviation turn out to be ¥ =249,8 and s =31,4. From previous experience, it is known that the
distribution of breaking loads closely approximates a normal distribution. From tables, it is found that the
constant for a one-sided statistical tolerance interval for sample size 24 for coverage 95 % and confidence
level 95 % is b3 =2,310. The lower statistical tolerance limit is therefore 249,8 -2,310x314 =177,3. The
customer can therefore be 95 % confident that at least 95 % of the breaking loads are in excess of 177,3
centinewtons.

Suppose that the customer felt confident enough from previous batches from the same supplier to assume
that it was only the mean that varied from batch to batch, and that the cotton yarn coming from the production
process had a breaking load with a constant standard deviation. Then the appropriate constant would be

by

=1981 Note that this is r‘nncidprthy smaller than the r‘nrrpclnnnding value 2 310 of ho for t

un
red
24
lod

If t
ap

8.8

Evi
to

an
thd
prg
co
rat
nu
thd
wh

8.8

Ta
Od
red

po

8.9 Estimation and confidence intervals for the Weibull distribution

8.9

8.9

nown process variability. This is because the extra information leads to a smaller safety Mg
uired. Suppose that o is known to be 33,2. This produces a statistical toleranc
D,8 — 1,981 x 33,2 = 184,0. The customer could now be 95 % confident that at least 959, of th
ds are in excess of 184,0 centinewtons.

nere is any doubt about the constancy of o, it should be assumed to be unknown.and case c) or
bropriate.

.2 Statistical tolerance intervals for populations of an unknown distributional type

construct one- and two-sided statistical tolerance intervals. Instéad of being based on statistics
1 5, they are based on what are known as the order statistics,\that is to say individual sample v
y have been sorted and numbered in ascending order. Any single or pair of order statistics can
vide a statistical tolerance interval but, of course, the.largest and/or the smallest provide th
erage. The penalty in not knowing the distributionalform is that the statistical tolerance inter
ner wider than they would otherwise have been, or'require larger sample sizes. To give some

mbers involved, a sample of size 93 is required insorder to have 95 % confidence that the interval
largest and smallest observations covers 95:%of the population values. This rises to a sample

en the coverage increases to 99 %, and to a'sample of size 4 742 for coverage of 99,9 %.

.3 Tables for statistical tolerance_ intervals

bles of factors for statistical tolerance limits for the normal distribution may be found in 1ISO 16
eh and Owen [117] and Hahnand Meeker [93]. ISO 16269-6 also provides tables of minimum sa
uired for a selection of coverages and confidence levels, for both the one- and two-sided cases
pulation distribution is ef.unknown form.

.1 The Weibull distribution

1.1 Parameter estimation

he case of
rgin being
b limit of

e

e breaking

d) used as

bn if the form of the distribution of values of the characteristic in the population is in doubt, it is sfill possible

such as x
alues after
be used to
e greatest
als will be
dea of the
formed by
bf size 473

269-6 [47],
mple sizes
, when the

Th

method of

b hést estimate of the parnmnfnre of the hA/n-paramni‘nr Weibull distribution is obtained ||eing thel

maximum likelihood. There is no closed form expression for these estimates which require an iterative
procedure. It is recommended to use a statistical package.

Many numerical procedures have been proposed for the estimation of the parameters of the two-parameter
Weibull distribution. Some involve iterative solution, others involve the use of special tables. A rough graphical
approach is as follows.

a)

b)

Plot the data on Weibull probability paper and, if appropriate, fit a straight line to the points by e

ye.

Read off from this line the value of ¢ at which the cumulative probability is 1,0 %. Denote this by #;1q-

© ISO 2009 - All rights reserved

87


https://standardsiso.com/api/?name=c18e5b81c1ca96ad2ffc6deb96b0f57d

ISO/TR 18532:2009(E)

c) Read off the value of ¢ at which the cumulative probability is 63,2 %. Denote this by ) g3,-

d) Estimate aas 1jg3p-

e) Estimate fas 4,6/In(ty632 /1 010)-

8.9.1.2

Confidence intervals

Detailed discussion of point estimation and confidence interval determination for quantities related to the

Weibull dis
most impo
confidencg

a) theps

b) them

c) fractilgs of the time to failure;

d) there

IEC 61649
intervals fq
particular ¢
5.3.9 for fU

8.10 Dist

So far, we
distribution
However,

in drawing
of populat
that they h
disadvants
methods s

An examp

median (i.x. the value of theleharacteristic under consideration that divides the total frequency into two halv

when the
when the ¢

tribution 1s beyond the scope of this T'echnical Report. We content ourselves with merely listing
rtant ones. A variety of methods and computer packages for the calculation of point estimates-a
intervals exist for:

rameters a and S;

ban time to failure;

iability at time .

r the Weibull distribution. IEC 61649 also contains a valuable annex explaining the reasons for
hoice of methods. Two well-known books on the subject ate Mann et a/ [111] and Lawless [106]. S
rther discussion of the Weibull distribution.

ribution-free methods: estimation and confidence intervals for a median

have considered inference from a sample abeut characteristics of a population when the populat

is known to belong to a particular family of distributions, e.g. the normal or Weibull famili
f the form of the population distributionlis unknown, statistical methods can still be brought to b
inferences about a population distribution. Such methods, because they do not depend on the fq
on distribution, are called distribution-free methods. The advantage of distribution-free methods

ge is that confidence intervals+for probabilities and fractiles are wider than would be the case us
pecially tailored to the spécific family of distributions.

istributional ferm’is unknown. The median of a population may be of more interest than the me
istribution is highly skewed, which can cause the mean to be unduly affected by a small numbe

extreme v
interval, t

magnitude| to«givé the order statistics X1 X[2] o x[,,].A symmetrically positioned pair of order statis
(3k)> Nnerighis then used as the pair of confiJ

values-of the characteristic in a random sample of size n are first ranked in ascending orde

ence limits.

ave greater integrity when there.is any doubt at all about the form of the population distribution. T

he
nd

(1] and EN 12603 [64] provide procedures for the calculation6f point estimates and confidence

the
ee

e of the use of a distribution-free method is the determination of confidence limits for the population

bSs)
ban
el

lues as_is'the case, for example, for income distributions. To obtain a distribution-free confidefce

of
ics

The smaller the value of k, the larger the confidence that the population median will be included in the interval.
For example, consider the case with k£ =1, providing confidence limits X71] and Xn]- These limits will only fail
to include the population median if all » sample values lie above the median or all lie below. As the chance of
each original observation lying below the population median is one half and the chance of lying above it is one
half, the chance of the population median not being included in the interval is (}5)" +(15)" = (%)"‘1.

88

© ISO 2009 - All rights reserved


https://standardsiso.com/api/?name=c18e5b81c1ca96ad2ffc6deb96b0f57d

ISO/TR 18532:2009(E)

Our confidence on any one occasion that the population median is included between X1 and Xn] is therefore
1—(%)”‘1, which as n takes the values 2, 3, 4, 5, ..., etc. gives confidence levels (in percentage terms) of
50 %, 75 %, 87,5 %, 93,75 %, ..., etc. One-sided distribution-free confidence intervals can be constructed, of
the form (a, x[,,]) or (x[1] , b) where a and b are the smallest and largest possible values of the characteristic in
the population. These confidence levels represent the largest confidence levels for the given sample sizes; in
other words, the confidence that distribution-free confidence intervals can provide is limited by the sample
size.

Note that these confidence levels are entirely independent of the distributional form of the population. The only
assumption made in the above argument is that the probability of a sample value lying on either side of the
population median is one half, which requires the distribution to be continuous at that point. Note also that the
effect of increasing k£ is to decrease the width of the confidence interval at the cost of-decrgasing the
confidence level. Published tables provide, for moderate sample sizes and popular confidence [evels, the
largest value of k that will provide at least the required confidence. For large samplef sizes, a jnumber of
approximations have been developed. ISO 16269-7 [48] gives tables for & for sample $izes up to 100 and, for
us¢ with larger samples, approximations for confidence level 1— « of the following ferm:

k:%[n+1—u(1+0,4/n)x/n—cJ

whiere
k  is to be rounded down to the next whole number;

u is the standard normal deviate corresponding to an:upper tail area of « for a one-sided fonfidence
interval and « /2 for a two-sided interval;

¢ is a constant depending on u.

The values of u and ¢ are provided for eight different confidence levels and for one- and two-sided [ntervals. It
is ¢laimed in ISO 16269-7 that in all these caSes the formula yields the correct value of & for samp|e sizes up
to pt least 280 000, enough for most practical purposes! For illustration, for a two-sided confidence interval
with confidence level 99 %, the values.of and c are given as 2,575 829 30 and 1,74. Thus, for a sample size
of P00, the appropriate value of k is:

%[200+1—2,575 829 30 (1+0,4/200)+/200 —1,74} = 1(201-36,3415)=82,33

rounded down, i.e. k =82/ It can therefore be asserted in general with at least 99 % confidenge that the
confidence interval (xgs7, x;119]) from a sample of size 200 includes the population median.

The eight decimal places for u are only necessary when obtaining & with high accuracy for very laige sample
sizes, and may'be reduced to two or three decimal places if an approximate value for & is adequate.

S;

rhilak meethods can be used to determine confidence intervals on other fractiles of the population.

9 Acceptance sampling

9.1 Methodology

In Clause 8, a variety of statistical tests and intervals have been described. In the example in 8.3, it was
shown how easy it can be to select an inferior criterion for assessing the quality of a lot, even in the simplest
case where there is a single-sided requirement on a single quality characteristic. The difficulties in selecting a
sound criterion are compounded if there are multiple quality characteristics, perhaps some with single and the
others with double specification limits, particularly if not all of these characteristics are independent. In the
face of the multiplicity of potential applications and the many techniques from which to choose, a general
approach to the problem of assessing quality is desirable.
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The supplier will naturally concentrate his attention on keeping the mean of each quality characteristic as
close as possible to a target value, and the standard deviation as small as possible (see Clause 10). The
customer, on the other hand, will be principally concerned with the quality level of submitted product, i.e. the
fraction of nonconforming items or the number of nonconformities per 100 items. Nonconformity is defined as
departure of a characteristic from specification, and the probability of such a departure will generally depend
on the mean, u,and standard deviation, o,of the characteristic in the population. For example, it can be seen
from Table 15 that if a lower specification limit, L, has been set then, provided x—2,053 7o > L, no more
than about 2 % of product will be outside specification if the distribution of the characteristic is normal. If L was
equal to 100, say, then a combination such as o =1, ¢ =102,6 would provide a similar quality level to the
customer as the combination ¢ =1,2, . =103,1.

This suggests the following general approach to the assessment of product acceptability: use the sample
information to estimate the proportion of product that is outside specification, and accept the batch onlyif the
estimate i below a given maximum value. A judicious choice of this maximum value will provide a given level
of assurarfce that not more than a given proportion of product is outside specification. It turns' out that this
approach Hoes indeed lead to efficient use of the sample information and to intuitively sefisible sampling
procedures.

Sometimes the testing of the estimated quality level against a maximum value is done‘implicitly. For exam
for sampling by attributes, the unbiased estimate of the fraction nonconforming is:

€,

. T
P =7
n

where r is the number of nonconforming items in a sample of size » from the lot.

Suppose that the maximum value of p for which lot acceptance takes place is denoted by p*. Then a lof is
only accepted if p < p*, i.e.rin< p* i.e.r <np* i.e.r <cwhere c is the largest whole number less than or
equal to np*. In practice, the acceptance criterion in this situation is always expressed as r <c¢ (or r <Ac,
where Ac |is the acceptance number, see 9.4.1), so it (s not immediately obvious that it conforms to the
suggested|general approach.

Because these sampling methods are used to determine whether or not a population (lot, batch, consignmegnt)
of product[should be accepted, they are referred-to as acceptance sampling methods. The methods descriljed
in Clause P are primarily for application to. a-Continuing series of lots from the same supplier, although the
case of isdlated lots or short series is also considered.

9.2 Ratijonale

In the 1930s and 1940s, the-theoretical foundations of acceptance sampling were originally laid. The outbreak
of World War Il in 1939 ¢reated an almost immediate need to put these acceptance sampling methods ihto
practice dye to the following circumstances. Many of the skilled workforces of the countries involved in the yar
were recryited into military service, leaving less skilled people to fill the void in factories for the production of
materials peeded for/the war effort. The demand for these materials was both large and urgent, and the
situation ipevitably: led to degradation in product quality. To address this problem, acceptance sampling
standards [wefe.created and implemented with the dual objective of protecting the customers (i.e. the troops)
from receiying’materials of inferior quality while ensuring that they had sufficient material for their missions.

In the years following the war, these military standards found their way into general use in industry and were
further developed with the philosophy of motivating suppliers, through lot rejection, tightened inspection, and
discontinuation of sampling inspection, to improve their production processes if inferior quality was being
provided. In addition, industry began to direct its attention to more general quality management improvement
strategies to prevent rather than detect and correct the occurrence of nonconformance. The emphasis moved
from inspection of final product towards improving the manufacturing processes and controls and producing
more robust product designs.
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When the supplier's quality control system can provide assurance that a process is in statistical control with
sufficiently low variability in the quality characteristic or characteristics, acceptance sampling of the final output
from the process is redundant, merely confirming what was already known. Indeed, modern quality
management standards focus on achieving this goal through ongoing activities of continuing process
improvement and have achieved great success in many areas. In such an environment, a company that relies
on acceptance sampling to assure the customer that he is getting what he wants is nowadays rightly seen as
operating in an inferior state, being akin to an admission of failure to get the production processes into shape.

So under what scenarios should acceptance sampling be used? There are several. The first is when the
process may be |mmature W|th unexpected teethlng troubles arising from time to time that would not
for quality

ple where
thg production item is a complex and delicate assembly of components and where a warranty| system is
ingppropriate. Some products may be affected by handling and shipping*activities, making gcceptance
sampling at the point of receipt necessary. Other products such as in-service utility meters mus{ be tested
periodically to determine whether quality has degraded to an unacceptable)state and acceptance sampling is
an|efficient means of doing this. There are also many products of a nén-industrial nature where the room for
prgcess improvement is limited such as harvested quantities of fish“er produce that must be ingpected for
acgeptance or grading on a sampling basis.

9.3 Some terminology of acceptance sampling

9.3.1 Acceptance quality limit (AQL)

The acronym AQL was originally an abbreviation of “acceptable quality level’”, and most international
stgndards on acceptance sampling are being. indexed by the AQL. In 1998, in order to emphasize that the
AQL should not be interpreted as a desirable quality level, the meaning of the acronym was fevised by
ISQ/TC 69/SC 5, the ISO subcommittee-responsible for developing and maintaining International|Standards
on|acceptance sampling. It now stanpds-for “acceptance quality limit” defined as the “quality level|that is the

worst tolerable process average when-a continuing series of lots is submitted for acceptance sampling”.

>

There are two main objection$ to the continued usage of AQL as an abbreviation of acceptable qyality level.
One was the name itself; the.idea that any quality level other than perfection should be considered acceptable
or |satisfactory in the modern era became outmoded, as one of the basic tenets for surviving in a global
ecpnomy is the need t0 strive for continuous quality improvement. The other was the definition of an AQL as
“when a continuing-séries of lots is considered, a quality level which for the purposes of acceptance sampling
is the limit of a satisfactory process average”. This definition had been deliberately worded to indicate that the
acgeptability was'to be construed as only for the purpose of identifying a suitable sampling plan,|not in any
absolute sense. But for the most part the words “for the purposes of acceptance sampling” have heen either
ignored ormisunderstood by commentators.

=

When acceptance sampling is applied to a single lot, or to a short series of lots, the concept of an AQL is
inappropriate as there is no longer a continuing series. The principal index to classical sampling plans for
isolated lots is the limiting quality (LQ), which is the quality level for which the probability of acceptance is a
specified low value, usually 10 %. [This is the same thing as the lot tolerance percent defective (LTPD), a term
that is now rarely used.] The LQ is chosen by the customer to be an unsatisfactory lot quality level at which
lots would be expected to have a high probability of failing the acceptance criterion. For a continuing series of
lots, the corresponding unsatisfactory process quality level is called the limiting quality level (LQL).

More generally, for both lots and processes, this quality level is referred to as the consumer's risk quality
(CRQ).
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9.3.3 Classical versus economic methods

Classical acceptance sampling methods are typically selected with little attempt to balance the costs of
sampling and inspection against the savings due to more reliably accepting good products and rejecting bad.

The reasons for this are fourfold. Firstly, experience has indicated that the classical methods provide sampling
procedures that are not that far from the economic optimum over a wide range of scenarios. Secondly, in
order to be able to determine the optimal level of inspection for an economic plan, the cost of non-acceptance
of good lots and the cost of acceptance of bad lots need to be known. The latter cost is typically particularly
difficult to ascertain in most cases, partly because it depends on the extent to which the nonconforming items
are out of epnr\ifinnfinn Thirrlly, a prncnmpfinn has to be made about the distribution of inr\nming qua |ty
Fourthly, gven when an assessment can be made of all these quantities, the economic sampling procedyre
generally depends on finding the minimum of a complicated formula, requiring too high a level of mathematical
sophisticafion for the typical user.

For the apove reasons, we shall only consider classical types of acceptance sampling ‘sgheme belpw.
Readers irfterested in further details of the economic approach are referred to Wetherill and-Chiu [138] and yon
Collani 1311, Some flexibility to lower or raise the amount of inspection on economi¢or other grounds is
provided bly the choice of inspection level, which is described next.

9.3.4 Ingpection levels

The two |best-known acceptance sampling systems (ISO 2859-1 4lifor sampling by attributes gnd
ISO 3951 |'3] for sampling by variables) provide three general inspection‘levels (I, Il and 1ll), and four speg¢ial
inspection|levels (S-1 to S-4). If the inspection level is not specified, it\is ‘assumed that general inspection level
Il is to bel used. If better discrimination between good and bad:.quality is required, perhaps because the
supplier h@s a history of erratic quality, inspection level Ill may,;be chosen. Conversely, if a lower level of
discrimination is adequate, inspection level | may suffice. Sometimes even the lower sample sizes required| by
inspection| level | are uneconomic when the inspectionlis expensive or involves destructive testing,| or
unnecessdgrily costly in view of the excellent quality history-of similar products, the reputation of the supplier or
the low importance of the characteristics under consideration. In such cases, one of the levels S-1 to S-4 may
be selectef, as long as it is understood that the discfiminatory ability (i.e. the power) of the sampling scheme
tends to diminish as one moves from S-4 to S-1.

The inspegtion level in combination with the Iot size determines a sample size code letter, which is then uged
in conjungtion with the AQL to look up-the parameters of the sampling plans of an acceptance sampling
scheme.

9.3.5 Ingpection severity and.switching rules

At the staft of sampling inspection, when it is believed that the quality level of a process is satisfactory, go-
called norfnal inspection’is used in 1ISO 2859-1 [4] and in ISO 3951 ['3. If the results from a predetermined
number offlots under\iormal inspection indicate that the quality level of the process is less than satisfactary,
then the s¢verity ofxthe inspection is increased to tightened inspection. A tightened inspection plan will usually
have the $ame\sample size as the corresponding normal inspection plan, but with a stricter acceptablity
criterion.

If the results from a predetermined number of lots under normal inspection indicate that the quality level of the
process is very good, then the severity of the inspection may be decreased to reduced inspection. Thus, each
normal inspection plan has a corresponding tightened and reduced inspection plan. Each group of three such
plans is called a sampling scheme. The International Standards SO 2859-1 [4] and ISO 3951-1 [13] are
collections of sampling schemes of a particular type, and are called sampling systems. The rules for moving
between the plans that make up a scheme are called the switching rules. Whereas the normal inspection and
tightened inspection plans are mandatory parts of a ISO 2859-1 or ISO 3951 scheme, the reduced inspection
plan is discretionary.
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Thus, a sampling scheme from these standards consists of at least two plans. (It is sometimes overl
the plans were not designed to be used in isolation.)

ooked that

A switch is also made from tightened inspection to discontinuation of inspection if the sample quality levels fail
to improve sufficiently quickly. The supplier then needs to act to resolve any problems with the process before

acceptance sampling may be resumed. Tightened inspection is then applied with the switching rul
the same way as if there had just been a switch from normal inspection.

9.3.6 Use of “non-accepted” versus “rejected”

word “rejected” may seem more appropriate. There is a good reason for distinguishing these
“rejected” implies that the user is not prepared to accept the lot under any circumstances

9.4 Acceptance sampling by attributes
9. General
The concept of an attribute has already been discussed in 8.6.1¢For the moment, suppose that ite

single quality characteristic that is an attribute; multi-attribute casés are discussed in 9.6.3 and 9.6
purposes of discussion, suppose also that quality is measured in terms of percent nonconforming
nopconformities per 100 items. (The methods for nonconformities per 100 items for a single attribu
similar.)
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Figure 40 — Type A and B OC curves forn =32, Ac=2, N=100

9.4.2 Single sampling

The plans|in 9.4.1 are both called single sampling plans, as the decision whether to accept or not to accgpt
the lot depends on the results of a single.sample. ISO 2859-1 provides master tables of single sampling plans
indexed by AQL for a continuing series of lots. (See 9.4.10 for LQ-indexed plans.) To find the appropripte
plan, first the lot size and inspection.devel are used to determine the appropriate sample size code letter frpm
Table 1 of|ISO 2859-1:1999. Then this code letter together with the AQL are used to determine the sample
size and @cceptance number from Table 2-A for normal inspection, Table 2-B for tightened inspection| or
Table 2-C ffor reduced inspection.

These master tables Rave a very simple structure. The sample sizes are restricted to the set of 17 preferred
sample siZes 2, 3,5, 8, 13, 20, 32, 50, 80, 125, 200, 315, 500, 800, 1 250, 2 000, 3 150. These roughly fgrm
a geometr|c series\with common ratio 10" = 1,585. The AQLs run from 0,01 % to 1 000 % also roughly ap a
geometric [sefies with the same common ratio. (Above the AQL of 10 %, the plans are for use only |for
nonconformities per 100 items.) The result of this is that the acceptance numbers, which are also restricted to
a series of preferred values, are the same along diagonals of the tables.

ISO 2859-1 underwent substantial revision between the first and second editions. One of the changes is the
introduction of optional fractional acceptance number plans between the diagonals for acceptance numbers
zero and one, where in the previous edition there were arrows pointing upwards or downwards. They operate
as follows. An acceptance number of 1/k when the sample size remains constant from lot to lot means that
the present lot can be accepted if:

a) the sample from the present lot contains no nonconforming items; or

b) the sample from the present lot contains one nonconforming item, and the samples from the immediately
preceding (k —1) lots contain no nonconforming items between them.
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The fractional acceptance number plans are given in Tables 11-A, 11-B and 11-C of 1SO 2859-1:1999 for
normal, tightened and reduced inspection. The fractions used are 13 and yz for normal and for tightened
inspection; for reduced inspection, where there are three diagonals between the acceptance numbers zero
and one, the fractions used are %, % and %.

The reason for introducing fractional acceptance number plans is that there is such a big difference between
the OC curves for acceptance numbers zero and one, and often the desired OC curve is somewhere in
between. Figure 41 illustrates how rapidly OC curves change shape in this range by showing the Type B OC

curves for the plans with sample size 32 and acceptance numbers 0, y % and 1.
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Figure 41 — Type B OC curves for Ac =0, 1/3,1/2 and 1

If the 1ot 'sizes change sufficiently to cause the sample sizes to vary from lot to lot, then the determination of
wheether the acceptance number for the present lot should be zero or one becomes rather more conpplicated.

It is based on a cumulative acceptance score. This score is reset to zero whenever there is a switch to a
different severity of inspection or whenever a nonconforming item is found. For the current lot, it increases by
2, 3, 5 or 7 whenever the tabulated acceptance number is % % yz or at least 1 respectively, but remains
unchanged if the tabulated acceptance number is 0. If the tabulated acceptance number is a whole number, it
is used irrespective of the acceptance score, but if the tabulated acceptance number is a fraction, the
acceptance number is taken to be zero if the score is 8 or below, and one otherwise. An added complication
when the sample size changes is that the switching rules also become more complicated, requiring the
maintenance of a switching score.
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9.4.3 Double sampling

Double sampling plans provide one means by which the average amount of sampling may be reduced. Note
that it is only the average that is reduced; for some lots the amount of sampling will be greater than for single
sampling. A double sampling plan by attributes works as follows. In general it has five parameters, which may
be denoted ny, ny, ¢y, ¢ and c3. A random sample of size n, is taken from the lot and the number of
nonconforming items d is counted. There are three possible outcomes at this stage.

a) If dy <c¢q, then the lot can be accepted without further sampling.

b) If di 3e—~thenthelotcan-be-non-accepted-witheutfurthersampling-
c) If ¢g 4dq <y, then no immediate decision can be taken on lot acceptability.

In case c)) another random sample, this time of size n,, is selected and the number of noncoriforming items,
do, in th@ sample is counted. The total number of nonconforming items found in the)two sampleq is
d3 =di+d5. If d3 <c3, then the lot is accepted, otherwise it is non-accepted.

In summaty, if the evidence from the first sample is very good or very bad, then an immediate decision can|be
taken. When the evidence is inconclusive, then a further sample is necessary to resolve the matter.

The integdrs ¢; and c3 are the acceptance numbers of the plan. The integers)¢, and c¢3 +1 are the rejectjon
numbers. Note that ¢, — ¢y has to be at least equal to 2, otherwise a decision on lot disposition will always|be
reached frpm the results of the first sample.

The procgdure for nonconformities is the same as this except that “nonconforming items” is replaged
throughout by “nonconformities”.

In standar@ls on sampling by attributes, the five parameters:of each double sampling plan are chosen so that
the OC cufve of the double sampling plan roughly matches’the OC curve of the corresponding single sampling
plan. For gimplicity and ease of operation, this matching is generally constrained so that the sample sizes| n,
and n, afe equal to one another and so that thé acceptance and rejection numbers are identical algng
diagonals fof the master tables. Denoting the corfesponding single sample size by ng, it turns out that the
double sample sizes are typically given by ng¢=w, = 0,63n,. It follows that average savings in inspection effort
of up to about 37 % of the single sample sizeé may be achieved by using double sampling instead of single
sampling, flepending on the submitted quality.

The disadyantages of double sampling are their increased administrative and logistical requirements, whlich
often lead to double sampling being impracticable. For example, suppose the acceptance test is to determjne
whether a|device can survives12000 h at 200°C. It may be possible to test the devices simultaneously, so the
test of a sjngle sample would take 1 000 h. However, if double sampling were used and the result from fhe
first sample was inconclusive, then a second sample would be necessary. Testing of the second sample may
not even be able to start*at once if the test facility needs to be booked in advance. Coupling this with the time
that the second sample requires to be tested, a decision on lot disposition will be substantially delaygd.
Meanwhilg the lof' will need to be stored somewhere, awaiting shipment.

Double sampling plans for sampling by attributes may be found for normal, tightened and reduced inspection
in Tables 3-A, 3-B and 3-C of ISO 2859-1:1999 respectively, and in equivalent standards.

9.4.4 Multiple sampling

Multiple sampling takes the idea of double sampling a stage further. A k-stage multiple sampling plan has
sample size n; and acceptance and rejection numbers Ac;, Re; at the ith stage, for i=1, 2, ..., k.
ISO 2859-1:1999 has five-stage multiple plans with the sample sizes the same at each stage, and each equal
to about one quarter of the corresponding single sample size. These five-stage plans represent an
improvement over the seven-stage plans of the previous edition of ISO 2859-1, in terms of both practicality
and match with the OC curves of the corresponding single sampling plans. Again, the sets of acceptance and
rejection numbers are kept the same along diagonals of the master tables, which are given as Tables 4-A, 4-B
and 4-C in 1ISO 2859-1:1999.
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As may be expected, multiple sampling plans provide a further reduction in average inspection requirements
compared to double sampling plans. They are worthwhile provided the gains are not outweighed by logistical
and administrative difficulties. At perfect quality, there may be as much as a 75 % saving in inspection costs
when compared with single sampling plans with acceptance number greater than 5. For multiple sampling
plans matching single sampling plans with acceptance numbers of 5 or lower, the maximum saving will be
nearer to 50 % as a decision to accept will not be possible after the first multiple sample.

It is instructive to compare the properties of single, double and multiple sampling plans at different quality
levels. Consider, for example, sample size code letter L in combination with an AQL of 2,5 %. The plans to be
compared in Figure 42 are:

—| Single sampling: n =200; Ac=10, Re = 11;
—| Double sampling: n =ny =125, Ac, =5, Re, =9; Acy, =12, Re, =13;

—| Multiple sampling: ny =ny =n3 =ny =n5 =50; Acy =0, Rey =5; Ac, =3, Reg+8; Acy = 6| Rez =10;
Acy =9, Rey =12, Acg =12, Res =13.

Figure 42 shows the OC curves of the three plans. It can be seen that theré¢ is*a very good match between all
three.
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Figure 42 — OC curves for single, double and multiple sampling size code letter L and AQL 2,5 %
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Figure 43 shows the average number of items that will be inspected at different quality levels, the so-called
average sample size (ASSI) curves, for the three types of plan.
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Figure 43 — Average-sample size (ASSI) curves for single,
double and multiple sampling ‘plans for sample size code letter L and AQL 2,5 %
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Sometimes, particularly with destructive inspection, the main disincentive to using double and multiple
sampling plans is the possibility that more items will need to be inspected than would be the case with single
sampling. Figure 44 shows the probability that the corresponding single sample size is exceeded for the
double and multiple sampling plans. In the case of double sampling plans in general, this is the probability of
needing a second sample to come to a decision. In the case of this multiple sampling plan, it is the probability
of needing all five samples to come to a decision. (Note that for multiple sampling plans where the single
sample size is not divisible by four, needing the fourth sample from the ISO 2859-1 multiple sampling plans
may lead to the single sample size being exceeded, but not significantly.)

Figure 44 shows clearly that another advantage that multiple sampling has over double sampling is a very
substantial reduction in the chance of npnding to inqlr\nr*f Qignifir\nnﬂy mare items than under Qingln campling_
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Figure 44 — Curves for the double and multiple sampling plans for sample size code lefter L
and AQL 2,5.% showing the probability of needing to inspect significantly more sample |tems
than under single sampling

9.4.5 ,Sequential sampling
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either to accept the lot, not to accept the lot or to continue sampling. This is called sequential sampling.

Wald [134] devised an approximate method of determining the acceptance and rejection numbers at each
cumulative sample size that provide specified values of the overall supplier's and customer's risks. It turns out
that, on a graph of cumulative number of nonconforming items against cumulative sample size, the
boundaries of the “continue sampling” region are parallel straight lines, as shown in Figure 45.
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Figure 45 — Example of sequential sampling by attributes for percent nonconforming

The diagram for nonconformities looks similar, except that jumps of more than one nonconformity on the
vertical axis are possible for an increase of one in the cumulative sample size.

The first egdition of 1ISO 8422 [30] was based upon thie) Wald approximation. Baillie (6811711 demonstrated that,
although Wald's method works well when the supplier's and customer's risks are no more than about 1 % or
2 %, the method can be very inaccurate when-these risks are 5 % and 10 % respectively, as they were
designed o be in ISO 8422. In fact, the resulting plans often have a supplier's risk much less than 5 %, while
the custonper's risk sometimes exceeds 10 %, the net effect being to require more inspection than necessary
on average, i.e. a higher average sample-size (ASSI).

Another cpmplication is that the_ plans in ISO 8422 are curtailed at 1% times the corresponding sing
sampling dize, further distorting-the' risks from the design values.

e

For example, the Wald appreximation to the plan for nonconforming items for a nominal 5 % supplier's risk at
a quality Igvel of 0,1 % ionconforming and a nominal 10 % customer's risk at 1,0 % nonconforming turns put
to have a|2,92 % customer's risk and an 11,13 % supplier's risk. However, by suitable choice of the pjan
parameters (to three/decimal places of accuracy), it is possible to achieve risks of 4,99 % and 10,0Q %
respectively and-consequentially lower values of the ASSI.

By taking thé.approximate values of the parameters from the Wald approximation and iteratively adjusting fhe
gradient and position of the parallel lines, plans in the second edition of ISO 8422 (i.e. ISO 8422:2006 [30])
have been obtained that have supplier's and customer's risks much closer to the nominal values.

9.4.6 Continuous sampling

When items are produced in a continuous stream, there may be no natural way of dividing production into lots
for the purposes of acceptance sampling. It is for such cases that continuous sampling plans were devised.
The first of these, and the best known, is the Dodge [841 CSP-1 plan. This works as follows. First, a sampling
frequency, 1, and a clearance number, i, are specified. Then 100 % inspection begins. Once i successive
conforming items have been inspected, 100 % inspection ceases and sampling inspection begins, with items
being selected for inspection with probability 7. As soon as a nonconforming item is found, inspection reverts
to the 100 % level.
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Many variations on this theme have been developed subsequently, with extra sampling frequencies and
different rules for returning to 100 % inspection. The US Military Standard MIL-STD 1235A [139] contained five
types of continuous sampling plan, indexed by the average outgoing quality limit (AOQL), i.e. the worst
possible average outgoing quality over all values of incoming quality p. These plans were designed to have
AOQLs that matched the AOQLs of the standard single sampling attributes schemes such as those in
ISO 2859-1. All suffer from the same disadvantages: phases of 100 % inspection, which may be impracticable
or uneconomic, and rapidly changing requirements for inspection personnel.

Beattie [73] proposed a different type of continuous sampling plan based on cumulative sums (cusums, see
10.7. 3) on the number of nonconformlng |tems A cumulatlve sum is begun ata speC|f|ed sampllng frequency

of one 366k cumulative
su le and k is
a gpecified target reference value. Unt|I the cusum reaches or exceeds a specified upper limit,4,| product is
ac | A+ A this
could be at a different sampling frequency, but inspection requirements can be kept censtant by keeping to
thg same frequency. Product is non-accepted until the second cusum reaches as low~as, or goes below, /.
Then a new cusum is started at zero, and the process starts all over again.
The problem with designing a Beattie-type system of acceptance sampling plans'is determining hgw to index
thgm, i.e. determining which performance requirements should be mapped into values of n, f, h apd #'. The
prgbability of acceptance at a given quality level does not mean quite the Same as for lot-by-lot inspection, as
it ig the probability of acceptance of an item, rather than a lot. Read and'Beattie [120] introduced this|probability
of Acceptance as the Type C OC curve. They defined it, for any quality level p, as the ratio of the ayerage run
length (ARL) for the cusum in the acceptance zone to the sumofithe ARLs in the acceptance and rejection
zomes, i.e.:
ARL
Pa(p) = A(p)
ARL 4(p)+ARLg(p)
Pojnts on this OC curve could be specified asva way of identifying performance requirements| A related
requirement, assuming rectification of nonconforming items found in samples in the acceptance zgne and all
prqduct in the rejection zone, would be a specified AOQL.
Wadsworth and Wasserman [132], Based on the work of Wasserman [136], devised design guifielines for
Bepttie-type cusum procedurese for normally distributed variables and for variables with the Poisson
distribution. They proposed theseras the basis of a national or international standard
9.4.7 Skip-lot sampling
It Has already been fentioned that inspection severity can be optionally switched to reduced inspeftion when
thg quality of suctessive lots remains consistently at a high level. For some types of product, the|savings in

applied to lots instead of items; it was intended for use on homogeneous bulk materials from a reliable source
where a single test result from each lot would determine its acceptability. Dodge and Perry [86] extended the
idea as an overlay to a reference plan for lots consisting of discrete items. It operates as follows. The
reference plan is used on successive lots until i successive lots have been accepted, at which point skip-lot
sampling is introduced with a fraction f of lots, which are chosen at random, undergoing inspection still in
accordance with the reference plan. As soon as a lot is non-accepted, application of the reference plan to
every lot is resumed, and the process is repeated. By this means, some of the fixed costs may be avoided.
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Liebesman and Saperstein [109 and Liebesman [110] developed a more sophisticated three-state procedure,

which has

been implemented as I1SO 2859-3 [6]. To quote from Liebesman [110]:

“Three states are defined as part of the skip-lot standard: (1) state 1, lot-by-lot sampling, (2) state 2, skip-lot
sampling, and (3) skip-lot interrupt. Qualification takes place during state 1 and requires acceptance of 10 lots
in a row, the last two satisfying an individual lot criterion and the cumulative number of defects in the 10 lots
satisfying a limit number criterion. When the program for a product is in state 2, interrupt occurs when a lot
fails to satisfy the individual lot criterion. The program then transfers to state 3. During state 3, the product
either re-qualifies for skip-lot having 4 lots in a row accepted with the last two satisfying the individual criterion;
or the product becomes disqualified if a lot is rejected or the product is in state 3 for 10 lots.”

Within the
procedure

9.48 Au

There is a

relieve thg user from the problem of determining the appropriate sample size from formulae. 1ISO 2859-4

has been

wrongly cg

skip-lot state, there are four levels for the sampling frequency f, namely %, 14, 1} and J£-
is designed to encourage the supplier to maintain a quality level at half the AQL or better:

dit sampling
need for sampling procedures suited to formal, systematic inspections such as)reviews or audits

Heveloped in response to this need. The plans are designed to provide{a)risk of less than 5 %

he

to
[71
of

ntradicting a correctly declared quality level. In order to keep the sampl€ sizes to reasonable levgls,
a relatively large risk is allowed of failing to contradict an erroneously declared quality level. Three levels

of

discrimination are provided, and the plans are recognizable as a subset of the familiar single sampling plans

of ISO 2899-1 [4]. ISO 2859-4 is couched in terms of percent nonconforming items, but by a simple change

wording th

Note that,

fact that the plans have been drawn from ISO 2859-1, which is@nh’acceptance sampling standard.

949 Sa

For very good quality levels, typically measured in-nonconforming items per million items, there are t

difficulties

have supplier's and customer's risks as small as is generally the case with acceptance sampling plans. T

second is
estimator

sample by[the sample size, will often take the unrealistic value zero.

ISO 1456

allowing Igrger supplier's andcustomer's risks. Instead of the usual values for these risks of around 5 % 4§
10 % respgctively, they are increased to as much as 10 % and 20 %. The second problem is overcome
using an estimator that)will overestimate p, the process fraction nonconforming, about half the time 3
underestimate it abouthalf the time. The approximate formula for this estimator given in ISO 14560 is:

roughout, it can also be applied to nonconformities per 100_items.

strictly speaking, audit sampling is hypothesis testing rather than acceptance sampling despite

mpling for parts per million

with sampling inspection by attributes~One is the very large sample sizes that would be requireg

that, quite often, no nonconforming items will be found; the result of this is that the unbias
f the process fraction nonconfarming, formed by dividing the number of nonconforming items in

[46] presents plans.fop this situation for lot-by-lot sampling. The first problem is overcome

of

the

wo

'he
ed
he

by
nd
by
nd

p= ﬂﬂxmﬁ items per million items
n|+0,4
where d is the number of nonconforming items found in a sample of size n.

The plans are indexed by limiting quality level. Smaller sample sizes are required at better quality levels,
thereby providing an incentive to the supplier to improve quality.
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9.4.10 Isolated lots

When only one lot is being supplied, or a short series of lots, the protection afforded to the customer by the
switching rules no longer applies. Attention then focuses on ensuring that any individual lot of a quality worse
than a specified value has a low probability of acceptance. ISO 2859-2 [5] is a sampling system indexed by the
limiting quality. The probability of acceptance at the LQ is usually no greater than 10 %, but in some cases, it
is as high as 13 %. Two procedures are given. Procedure A is intended for use when the supplier and the
customer both wish to regard the lot in isolation. Procedure B is for use when the supplier considers the lot to
be one of a continuing series while the customer regards the lot to be received in isolation. In such a case,
both the consumer (for the purpose of the acceptance sampling of one particular lot) and the producer (for the

The first edition of ISO 2859-2 was designed for inspection for percent nonconforming. The second edition is
plgnned to also include inspection procedures for nonconformities per 100 items.

Twlo of the quality world's buzz-phrases that originated in the late 20th century‘are “get it right firsj time” and
thg “zero defects philosophy”. In conjunction with the need to strive for ever-higher levels of quality, these
words have often been taken to imply that if one or more nonconforming items are found in a sample, then the
lot|should not be accepted. In other words, the implication for sampling by attributes was interpreted to be that
only plans with acceptance number zero should be admissible. Suctr plans are commonly refdrred to as
acgept-zero plans.

A gystem of accept-zero sampling plans should consist of rules“for switching from one sample size|to another
in fesponse to quality history, if necessary supported by master tables of sample sizes. Ideally, th¢ switching
rules would guarantee some property of the outgoing product. Squeglia [126] roughly matches gccept-zero
plgns to the normal inspection single sampling plans<of ISO 2859-1 [4l at the LQ, but provides ng switching
rules whatsoever. 1SO 21247 51 provides accept-zero plans for normal, tightened and reduced |inspection
with similar switching rules to those of ISO 2859<1. The ISO 21247 plans provide seven “verification” levels
(rather than AQLs) and five sample size code. letters. Unfortunately, the guidance as to choice of perification
level is merely that higher numbered levels require more inspection and should be applied to morg important
characteristics; it is not clear precisely what each verification level is designed to achieve.

Kigassen [109] derived a remarkably simple formula for determining the accept-zero sample sizes from
sugcessive lots that would be needed to guarantee an average outgoing quality limit (AOQL). Defiping K, the
“credit”, as the total number-of.items accepted since the last lot non-acceptance, he showed that the sample
sizp required to guarantee an-AOQL of « is given by the smallest integer, n, such that:

N
n>———=
(K+N)a%1

where N is_the'next lot size. This assumes that lots that are non-accepted when K =0 are 100 % inspected
ang that all-¢éonforming items found in such lots are accepted. The advantages of this method are threefold:

a) | (o tables are required for its implementation;

b) a single quantity, K, is sufficient to summarize the quality history; and

c) the AOQL guarantee is valid regardless of the sizes of successive lots or the sequence of lot qualities,
rendering the method virtually abuse-proof.
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To illustrate this method, suppose for a certain item that it is required that the average quality reaching the
market place does not exceed 1,5 % nonconforming in the long term, i.e. a = 0,015. Suppose that a supplier
always submits lots of the same size, N. K is initialized to zero. Suppose first that ¥N=200. If no
nonconforming items are found in each sample, the sample sizes found by using the Klaassen formula are:

50, 29, 20, 16, 13, 11, 10, 8, ...
Even if the lot sizes are huge, the sample sizes for this AOQL for successive lots never increase above:

67,34, 23,17,14,12,10,9, ...

However, whenever a nonconforming item is found in a sample, the lot has to be screened and conforming
items accegpted, K has to be reset to zero and the sample size for the next lot needs to immediatelyreturr to
the one atlthe beginning of the sequence.

Note that [the method does not guarantee that the outgoing quality will not exceed the AQQL over any
particular sequence of lots. The guarantee applies to the long-term average, or expected,-outgoing quglity
over the whole sequence. Over a short series of lots there will be an appreciable probability that the AOQL will
be exceeded, but this probability will tend to zero as the length of the series increases;

The methdd is embodied in ISO 18414 [50],
9.5 Acdeptance sampling by variables — Single quality characteristic

9.5.1 Geheral

For quality| characteristics that are variables distributed according’to a known family of probability distributions,
it is poss|ble to utilize this extra information to produce “sampling plans that are more efficient. Most
procedure$ for acceptance sampling by variables are for data from normal distributions, and discussion in this
clause willlbe confined to the normal distribution case. \Where possible, the procedures will be explained with
reference {o I1SO 3951-1 [13],

In ISO 3951-1, as in ISO 2859-1, the choice oflinspection level and lot size determines a sample size cade
letter which, in conjunction with an AQL and anvinspection severity, determines the sampling plan.

The procgdures are classified as Jorm k& or Form p*, depending on whether the process fracjon
nonconforming is estimated implicitly-or‘explicitly. In all cases, it is assumed that there is a continuing serieg of
lots and that the process fractionsnohconforming is the subject of assessment. Consequently, the methgds
have much in common with statistical tolerance intervals (see 8.8.1). Type A OC curves are not relevant to
acceptancg sampling by variables, as the presumption that the sampled population is normal cannot be trug if
the population is a finite lat.

The contrgl of double-specification limits on a variable is treated in one of three ways:

a) combied,control is when a single AQL is applied to the sum of the process fractions nonconformjng
below|the lower specification limit or above the upper specification limit;

b) separate control is when one AQL is applied to the lower specification limit and another AQL is applied at
the upper specification limit;

c) complex control is when the one AQL is applied at either the lower or upper specification limit and a larger
AQL is applied to the sum of the process fractions nonconforming beyond both of the specification limits.

The 1989 edition of ISO 3951 only contained Form k procedures for a single variable. ISO 3951 is being
developed as a multi-part standard. 1SO 3951-1 [13l is concerned with Form & procedures for a single variable
and a single AQL. ISO 3951-2 ['4] provides a more comprehensive coverage, using Form p*.

The symbols L and U are used to denote the lower and upper specification limits.
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Finally, a distinction is made between the “s” method and the “o” method. The expression “s” method indicates
that neither the process mean nor the process standard deviation is known. The expression “o” method
indicates that the process mean is unknown but the process standard deviation may be presumed to be
known; in practice, this will mean that o has been estimated from a large data set, and therefore is known

wit

hin a small margin of error.

9.5.2 Single sampling plans by variables for known process standard deviation — The “¢” method

For a single, normally distributed quality characteristic with known o, the acceptability of a lot may be
determined as follows. Suppose that the Form & acceptance sampling plan has been determined, say by
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ple of size n is drawn from the lot, and the sample mean, X, is calculated.
b quality statistic, Q, is calculated for a lower specification limit:

x-L

or

o
j/or for an upper specification limit:

U -
o

x

Oy =

a single specification limit, the lot is acceptable only if{the quality statistic exceeds k. H
pcification limits, and before inspection begins, it first needsto be checked that o is not so big th
uirements are impossible to meet under tightened inspection. This is done by comparing o w
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h quality statistics exceed their respective acceptability constants. For combined control, b

pcification limit, the acceptance critetion would be similar to that for separate control except that
respond to the combined part of\the requirement. Similar remarks apply to complex control
parate AQL requirement on thewupper specification limit.

r the o known case, the c¢aleulation of the quality statistics for each sample may be avoided. Fo
acceptability criterion~Q; > k; may be converted into X > L+ ck; = X;, which can be ca
ance. Similarly, O,k may be converted into x < X .

[ Form p*, the acceptability constants p* are maximum acceptable values of the estimated proc
el. The quality statistics are calculated in the same way as for Form &. Denoting a quality statistic
0, the process fraction beyond a single specification limit is estimated by the area under th
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for a single upper specification limit, p;, < p*;
for combined control of double specification limits, p; + py < p*;

for separate control of double specification limits, p; < pz and py < pzf;

for complex control of double specification limits, either p; < pz and py+py <p” or py
Pr+bPu<p”.
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9.5.3 Single sampling plans by variables for unknown process standard deviation — The “s” method

When the process standard deviation cannot be presumed to be known, it is estimated by the sample
standard deviation, s. The quality statistics become the following:

x—L and QU:U—x

O =

N

The Form k acceptability constants become larger than for the “c” method and the Form p* acceptability
constants become smaller, to allow for the increased uncertainty in the estimation of the process quality.

Consider irst Form k. For a single specification limit, the acceptance criterion is similar to those forcthe'|“c”
method, i.¢. the lot is acceptable if Q > k. Figure 46 shows an acceptance chart for a lower specifieation limit
on a graph of x against s, for sample size code letter G on normal inspection (giving sample size\18) with|an
AQL of 1 % (giving k= 1,77). The accept zone is bounded by the line x =L + ks, where the lowérspecificafjon
limit L has [pbeen taken to be 30 units.

Y
32
31,8

31,6 /

314 )
31,2 ,/
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31 //
30,8 //

P 2
30,6 -

30,4 ]
30,2 _—

>

30
29,8 -
0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 X
Key
1 accept gone X standard deviation s
2 reject zpne Y sample mean x

Figure 46 — Acceptance chart for a lower specification limit

For double specification limits, no check on o can be carried out before inspection begins because o is
unknown. Nevertheless, an initial test may still be carried out on the process potential by comparing s with a
maximum (allowable) sample standard deviation (MSSD). The MSSD is found by multiplying (U -L) by a
tabulated standardized value. For separate control of double specification limits, the lot is acceptable only if
Or = k; and Oy > ky;. An acceptance chart for separate control is shown in Figure 47; it can be seen in this
case that the accept zone is bounded by two straight lines.
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Figure 47 — Acceptance charts for double specification limits with separate contro
Fof combined control, the acceptability of the lot is determined:\by plotting the point with standardized
cojordinates [s/(U — L), (x —L)/(U — L)] on a standardized chaftPfor the given sample size and AQL. The lot is
acgepted if the point lies within the acceptance region. Figure\48 shows such a chart for sample s|ze 18 with
an)AQL of 4 %.
YA
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0 &=
0 0,05 0,1 0,15 0,2 0,25 0,3 0,35 X
Key
1 accept zone X s(U-L)
2 reject zone Y (x-LI(U-L)
Figure 48 — Standardized acceptance chart for sample size 18 for double specification limits
with combined control at an AQL of 4 % under normal inspection
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For complex control, lot acceptability is determined in the same way as for combined control except that part
of the acceptance region is eliminated in accordance with the requirement on the single specification limit.
Figure 49 shows the acceptance region for sample size code letter G on normal inspection for a 1 % AQL at
the upper specification limit and a 4 % AQL overall.
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Figure 49 — Standardized acceptance chart for sample size 18 for double specification limits
with combined control at an AQL of 1 % for the upper limit
and an AQL of 4 % overallunder normal inspection
For Form p*, the procedures are identical to a) through e) of 9.5.2 except in one respect. For the “s” meth
the procegs fraction nonconforming beyond @ single specification limit is estimated by the area to the lef
the value ;——%Q\/;/(n —1) under a symmetrical beta distribution that has both parameters equal to (n -
In order td avoid the need to use tablés-of the beta distribution to implement Form p* plans, Baillie [66] has
developed|a normal approximation for;use when »n > 4, which works as follows.
a) Set x :%—%Q\/;/(n—ﬁ. f)x <0, then p=0,0rif x>1 then p=1; in both cases, no further steps
necessary. Otherwise; centinue to step b).
1
b) Set yl=d, Infx?1-x)] where d, =1 |(n-3){1+ ——-———<
s ] "2 3[(n—3)2+1}

c) Set w=)°-3

d Ifw>0,set¢=

y
T+ wi[12(n—1)]

y

, otherwise f=—————
1+w/[12(n—2)]

e) Then p is approximated by the area to the left of ¢ under the standard normal curve [usually denoted

(1) ]-

NOTE

108

“In” means natural logarithm (i.e. logarithm to base e).

© 1SO 2009 — All rights reserved


https://standardsiso.com/api/?name=c18e5b81c1ca96ad2ffc6deb96b0f57d

ISO/TR 18532:2009(E)

This approximation is quite accurate, guaranteeing a maximum absolute error of not more than 0,000 4 for
sample size 5, 0,000 2 for sample size 6 and 0,000 1 for sample sizes of 8 or more. Values of d, for selected
values of n are given in Table 20.

To illustrate, suppose that there is a single, lower specification limit L =32 and a sample of size 18 has a
mean x = 34,1 and a standard deviation s = 0,93. Then 0 = (x — L)/s = (34,1 — 32)/0,93 = 2,258. The value of

X :%—%Q\/;/(n —1) is found to be 0,218. From tables or a computer program, it may be found that the area

to the left of 0,218 under a symmetric beta distribution with both parameters equal to %(n -2)=8 is 0,007 4.

Table 20 — Values of 4, for estimating the process fraction nonconforming

Bample size d, Sample size d, Sample size d,
3 0,318 310 15 1,734 040 70 4,092 828
4 0,551 329 18 1,937 919 75 4,242 777
5 0,731 350 20 2,062 737 95 4,795 926
6 0,880 496 25 2,346 014 100 4,924 516
7 1,009 784 30 2,598 669 125 5,522 742
8 1,125 182 35 2,828 88T, 150 6,062 225
9 1,230 248 40 3,044/751 160 6,265 024
10 1,327 276 45 3,240 676 200 7,017 865
13 1,583 745 50 3,428 086 250 7,858 138

If meither the appropriate tables nor software are available, the normal approximation is found gas follows,
stgrting at step b). d,g is found from Table 20:to be 1,937 919. Then y is calculated as

0,218

$=1937 919 4In(=<>
0,782

)= 2,475 4

Then w=y? —3=23,128. A$a/ > 0, we set
t =yl {1+wi[12(n>7)]} = 2,475 4/(1+3,128/204) = 2,438

Freém normal tables, it is found that the area under the normal curve to the left of —2,438 is 0,007 4. Thus,

p 0,007 4; which is in complete agreement with the exact method.

9.51.4 Double sampling plans by variables

A double sampling plan by variables can be formulated in either Form & or Form p*. Consider for illustration
the case of o unknown for a single lower specification limit L. Form % will be described here. A double
sampling plan by variables has five parameters, namely the two sample sizes n; and n, and the three
acceptability constants 4y, k5, and k3. A sample of size ny is drawn, and the quality statistic Oy = (x; — L)/ sy
is calculated. If Q4 > k¢, the lot is accepted. If O; <k, the lot is non-accepted. If iy, <Oy <k, another
sample, this time of size n,, is drawn and its mean X, and standard deviation s, are calculated. The
combined mean is calculated as:

- n1)_c1 + I’lzfz
nq+ny
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and the combined standard deviation as:

\/(m — )52 + (ny —1)s2
Sg =

I’l1+}’12—2

The combined quality statistic is calculated as:

Oy =(x; — L)/ sg

If O > k

The proce

Hamaker

< | tNe IotIs accepted; otnerwise, It IS non-accepted.

jure for the “c” method is similar except that Oy =(-L)/cand Q, =(x; - L)/ o.

sampling glans. He observed that there were three requirements that are partly contradictory;

a) areas
b) a wort

c) alow

onably close match between the OC curves;
hwhile reduction in the average sample number;

frequency of second sample (FSS);

and develgped rules that provided a sensible balance between them. Baillie [69] extended Hamaker's res

for ng=np

9.5.5 Se
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being that
for an upp
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to the case of unknown o. ISO 3951-3 [15] provides doublé sampling plans by variables.

fjuential sampling plans by variables for known process standard deviation

the cumulative sum of the leeway is.plotted on the vertical scale. (The leeway is defined as U
pr specification limit and x— L for'a’lower specification limit, where x is the measured value of
Thus, the increments on the_vertical scale are not constrained to be integers, and can even
x lies outside specification.

erved in 9.4.5 that the Wald approximation has been found to be poor for sampling by attribu
supplier's and customer's risks are of the order of 5 % and 10 %. The same has been found to
mpling by variables'so, like 1ISO 8422, 1SO 8423 was revised to provide a better match with

correspondgling single sampling plans.

9.5.6 Ac

cept-zero'plans by variables
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(o) plans prowde for lot acceptance if there are no nonconformlng items in the sample Denotmg
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991 investigated the matching of o-known double sampling plans by variables to,‘Gvknown single
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[31] provides curtailed sequential sampling~plans for inspection by variables when the procgss
eviation is known, for single and for double specification limits. The acceptance chart for a single
n limit is similar in appearance to thetattributes sequential chart (see Figure 45), the difference
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Klaassen's [109] credit-based method of guaranteeing an AOQL for accept-zero plans for sampling by
attributes was described in 9.4.11. Effectively, it provides a switching rule between sample sizes in response
to perceived quality history. Baillie and Klaassen [72] have generalized this result to the case of guaranteeing
an AOQL for any acceptance sampling plan that includes an accept-zero requirement, and applied the general
method to the following three cases, with ¢ any positive constant:

a) xpq = L (for sampling by attributes);

b) x> L+ co (for sampling by variables with known ¢); and

C) | 1 = L+ cs (for sampling by variables with unknown o).

Agpin, as with sampling by attributes, the AOQL guarantee requires lots that are rejected when the credit is
zefo to be 100 % inspected, with acceptance of all conforming items found in such lots. As|expected,
sampling by variables when the value of o is presumed known requires smaller sample sizes thap sampling
by|variables when the value of o is unknown, which in turn requires smaller sample sizes than sampling by
attributes.

9.6 Multiple quality characteristics

9.64.1 Classification of quality characteristics

Mgst products have more than one quality characteristic, all. of which need to conform to specifigation if an
is to be classed as conforming. Some of these characteristics may be of greater importancqd, and may
thgrefore need to be controlled more tightly. This is achieved by classifying the quality charactgristics into
s A for those of the highest level of importance, class B for the next level of importance, etc., and applying
a Ipbw AQL to class A, a larger AQL to class B, eté. Sampling inspection schemes are then apglied to the
ses independently; for example, it would be passible for classes A and C to be on normal inspection while
s B is on tightened inspection. The acceptance criteria for all classes have to be satisfied for|a lot to be
sified as acceptable. The following discussion of multiple quality characteristics is on the tregtment of a
le class of quality characteristics, where by definition all the quality characteristics in the class are of

As| before, the unifying theme of the discussion for nonconforming items will be the comparison| of p, the
eslimated process fraction nonconforming from the sample, with p*, a specified maximum value. As a rough

p*=(a+3)n (34)

re thesreference single sampling plan by attributes has sample size » and acceptance number Ac = a.

9.6.3” Inspection by attributes for nonconforming items

9.6.3.1 Independent attributes

Consider first the simplest case where there are k quality characteristics, all of which are attributes. First
suppose that the attributes are independent, i.e. the probability of any one of the attributes in the class being
out of specification is constant, regardless of the state of any of the other attributes in the class. Suppose also
that in a sample of size » it is found that there are 7 items that are nonconforming on attribute 1, r,items that
are nonconforming on attribute 2,...,r, items that are nonconforming on attribute k. The estimate of the
probability of conformance on the ith attribute is estimated by (1-r,/n). As the attributes are independent, the
estimated overall probability of an item conforming to all the specifications is the product of such estimated
probabilities, viz. (1-r/n)(1-r,/n)---(1-n, /n). Subtracting this from 1, it is seen that the overall probability of
an item not conforming to at least one of the specifications is estimated by:
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p=1-(1—-n/ln)(1-r/n)---(1-r/n)
The acceptance criterion p< p* therefore becomes:
1-(1-n/n)1-r/n)--(1-nIn)<p*

Provided all the fractions r;/n are small, it can be shown by expanding the product term that this inequality is
approximately the same as:

(m+rmt—xr)<np*ie r<c

where r is|the total number of items that are out of specification with respect to each attribute, summed oyer
attributes, pnd c is the largest whole number less than or equal to np *.

9.6.3.2 [Dependent attributes

Now suppose that the attributes are dependent. The estimate of the process fraction nonconforming is
p =d/n, where d is the number of nonconforming items in the sample. The acceptanee criterion p < p* then
becomes ¢ <np* ie. d <c.

9.6.3.3 [Example

To illustrafe the difference between the independent and dependent €ases, suppose that a single sampling
plan undef normal inspection is to be used, with a sample size code letter F and an AQL of 4 %. Frpm
Table 2-A pf ISO 2859-1:1999, it is found that the sampling plan is%= 20, Ac = 2. From Equation (34):

p*=R+2)/20=0,125

Suppose that an item has two quality characteristics_that are both attributes. A sample of size 20 yields gne
item that i$ nonconforming on both attributes and one’item that is nonconforming on one attribute. Assumjng
independence between the attributes, the estimate:of the process fraction nonconforming would be:

—_

p=1+(1-2/20)(1-1/20) = 0,145
On the other hand, assuming dependence, there are only two nonconforming items in the sample of size RO,
so the estifnate of the process fractien nonconforming would be:

p=2[20=0,100

As p* = 0,125, we see_that-the lot would be non-accepted if the attributes were considered to be independeént,
but accepfed if they~were considered to be dependent. On reflection, this is not a surprising result. On fhe
evidence from the example, when the two attributes are dependent there seems to be a tendency for bpth
attributes {o be ‘Qut of specification at the same time. Treating the nonconformities as independent in such a
situation Idads to some double counting.

9.6.4 Inspection by attributes for nonconformities

Suppose that the sample contains a total of 7 nonconformities on attribute 1, », nonconformities on attribute
2,..., . nonconformities on attribute £. The rate of nonconformity on the ith attribute is estimated by 7 /x. If the
attributes are independent, these estimated rates are added to give an estimated overall rate of nonconformity
per item of »/n, where r= 1 +n +---+1, is the total number of nonconformities in the sample.

On the other hand, if the attributes are dependent, the estimated rate is simply the total number of

nonconformities divided by the sample size, i.e. r/nagain. It follows that the multi-attribute acceptance
criterion is » < Ac; this is regardless of the number of attributes and whether or not they are independent.
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Independent variables

The principle for & independent variables is the same as for & independent attributes inspected for
nonconforming items. The process fraction nonconforming is estimated as:

wh

Fo

p=1-(1=p)(1= po)---(1- py)
ere p; is calculated as explained in 9.5.2 for o known and in 9.5.3 for & unknown.

rm p* plans by variables are presented in 1SO 3951-2 [14].
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- dependent variables, it is theoretically possible to carry out acceptance sampling, but im
hout the use of suitable software, as the formula for p is a multidimensional integral over a c
ion. For further information, the reader is referred to Baillie [70l. If the correlation between the
strong, the variables may be treated as independent without much danger of reaching the wror
lot acceptability if the decision is not marginal. If the correlation between the“variables is stron
iables can be converted to dependent attributes, and treated as described in 9.6.3.2, although
fficient use of the data.

.7 Attributes and variables

llie [67] presented master tables of “attriables” plans. and procedures for use when f
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10{1 Process focus

The question to what extentitvis possible to obtain from a sample a reliable estimate of
characteristics of product lots has been discussed from various points of view in the preceding clad
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Statistical process control (SPC)

bn shown that if the variation among individual units is considerable, it may not be an economic
the customer to sample and test sufficient items to provide the desired degree of assurance reg
nsignment.

rthermore, what'if the correct technical decision, on the basis of an “after the event” sample, is
consignment? All too often, the correct business decision has to be “accept’ because of logistic
er constraints. It is therefore inevitable that attention should be focused on ways of seq
monstrating conformity to specification that involve the requirement that statistical methods be d
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bmplicated
ariables is
g decision
g, then the
this is an
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racteristics in a class consist of at least one attribute and\at least one variable. The plans are only suitable
wheen it is practicable to have a larger sample size for thesaftributes than for the variables. The impls
of the plans is necessarily complicated, and would nged to be supported by suitable software, pa
thgre are two or more dependent variables.
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place and time of the process activity giving rise to the product or service. This is recogni
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a)

VAAL IU L;;I CUTl |ota| 1IUTO.
Generic quality management system requirements such as 1SO 9001:2008:

This International Standard recognizes that any activity that receives inputs and converts them

to outputs

can be considered as a process. For organizations to function effectively, they have to identify and

manage numerous linked processes. Often the output from one process will directly form the i
next process. ISO 9001:2008 is based on the “process approach” to management, which in
systematic identification and management of the processes employed within an organizatio
interactions between such processes. The model shown in Figure 50 covers the requir
ISO 9001:2008, but does not show the process at a detailed level.
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NOTE The term product in the 1ISO 9000 family has four generic categories: hardware, software, services and

processed materials.

More specifically, ISO 9001:2008, 8.1, states the following.

114

ISO 9001:2008, Quality management systems — Requirements
8 Measurement, analysis and improvement
8.1 General
The prganization shall plan and implement the monitoring, measurement, analysis and improvement processes
needed
a) tp demonstrate conformity to product requirements,
b) tp ensure conformity of the quality management system, and
c) to continually improve the effectiveness of the quality management system.
This [shall include determination of applicable methods, including statistical techniques, and the extent of their
use.
Continual improvement of
the quality management system
Management
i, - responsibility
\é ﬁ Customers
Measurement
Résource ) ’ . )
Customers gnalyms and — — — — = Satisfaction
Improvement
) ) Input Product Output
z — P t
Req J|rements: \ lrealizationﬁ roduc
\/

Key

———— Value-adding activities

— — — = Information flow

Figure 50 — ISO 9001:2008 — Model of a process-based quality management system
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For example, ISO 9001:2008, 4.1, states the following.

ISO 9001:2008, Quality management systems — Requirements

4 Quality management system

4.1 General requirements

The organization shall establish, document, implement and maintain a quality management system and
continually improve its effectiveness in accordance with the requirements of this International Standard.

The organization shall

a) determine the processes needed for the quality management system and their application’throyghout the
organization (see 1.2),

b) determine the sequence and interaction of these processes,

c) determine criteria and methods needed to ensure that both the operation and-control of these processes
are effective,

d) ensure the availability of resources and information necessary to support the operation and mohnitoring of
these processes,

e) monitor, measure where applicable, and analyse these processes, and

f) implement actions necessary to achieve planned results ahdcontinual improvement of these prog¢esses.

These processes shall be managed by the organization in accordance with the requiremenis of this
International Standard.

Where an organization chooses to outsource anyiprocess that affects product conformity to requirements, the
organization shall ensure control over such processes. The type and extent of control to be applied to these
outsourced processes shall be defined withinthe quality management system.

Explanatory notes are provided in.$S© 9001:2008.

b) | Numerous sectors, such as medical devices, aerospace and automotive have prescriptive quality
system requirements.

Taking the automotive Sector as an example, three major USA-based suppliers have jointly produced
quality systems requirements, together with supporting documentation that includes manuals on:
statistical process,control (SPC) [79 and measurement system analysis (MSA) [89 that provide a unified
formal approach to both SPC and MSA in the automotive industry.

Rejgardless «of,'whether or not the application of statistical process control is explicitly stated in|system or
prqduct reguirements, the organization dedicated to “never ending improvement” or aiming for “world class”
wil| recoghize its key role in improving business performance. This is illustrated by an examplge from the
airgraft supply industry.

EXAMPLE Steel tube dimensions:

A steel tube supplier to the aircraft industry buys steel strip from the steel-maker by the kilogram and converts strip into
tube to sell by the metre. This organization recognized that, by managing variation better, more metres could be produced
per kilogram of strip. It aimed for preferred minimal values for outside diameter and wall thickness commensurate with the
need to maintain dimensional specification requirements. This aim decreased as they identified and progressively reduced
variation using statistical process control methodology. Controlling the new minimum size and its variation using statistical
process control, it was then able to produce a lighter, more consistent product with a saving of some $ 400 000 per year.

This example demonstrates the ability of statistical process control to both increase profits for the user
organization and value to its customers.
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These considerations, amongst others, have given rise to a growth in the development and widespread
application of statistical process control methods.

10.2 Essence of SPC

The primary operational tool of SPC is the control chart. The first question to be answered is: what is to be its
basic purpose? The reason for this is that there are two fundamentally different approaches to control
charting. One approach aims at directly controlling to specification using control limits based upon, and set
inwards from, specified tolerance limits. Such an approach is described in 1SO 7966:1993 [28]. The other
approach uses control limits based entirely on process performance. These control limits are set outwards
from the njean value of the characteristic plotted to an extent based on the inherent variability of the procéss
with no regard to specified tolerance limits. Such an approach is described in ISO 8258:1991(29].

Many organizations using tolerance-based control charts have had to abandon their use.fin,favour| of
performange-based statistical process control, for contractual reasons, to meet customer, requirements
expressed| in current quality systems standards. Others have chosen to adopt performance-based confrol
charts, forfa number of reasons, such as the following.

a) The rg¢cognition that first class quality for a characteristic is achieved only by fealizing a preferred vajue
and that there is a progressive deterioration in quality as one moves away~from this value toward$ a
specifjcation limit, even though one may, technically, still be “in tolerance”. Meeting tolerance then
becomes a “minimum” standard that may just be tolerated. It is not ‘@ standard of excellence. In a
compttitive climate, there can be considerable advantage in aiming-for a preferred value with minimum
variation.

b) The acknowledgement that a tolerance-based control chart dees not provide information on the sourges
of varfation in the process essential for control and improvement purposes. The focus on the classification
of the|process output purely in terms of specification is inndirect contrast to the focus of the performange-
based control chart, which is on the discrimination between common and special cause variation in the
process.

c) An appreciation that there are two kinds of people and two types of variation:

1) tdqchnical and managerial people Who are responsible for the process and for the presence| of
inherent/common cause variation and its reduction;

2) operational people who werk-in the process who can best observe and report on special catise
variation through the use-of-performance-based control charts.

Point b) recognizes that the-primary operational role of a control chart is to discriminate between special gnd
common dause variation{Common cause variation is generally outside the remit of people who work in the
process. Juppose that ©perational people have established, using a performance-based control chart, thdt a
process is|in statistieal'Control, namely, that no special causes of variation are present. Then, and only then,
technical and managerial people can use the control chart data to compare the magnitude of the residual
common dausg‘variation present with specified limits, using capability analyses as described in Clause [11.
Standardiged _quality capability indices for the characteristic may then be generated and any necesspry
improvement-actions initiated

Such process capability analysis brings out another very important aspect of the overall role of SPC. A
primary role of a control chart, in an operational sense, by its very name, is to control; namely to inhibit
change. The removal of special cause variation to bring a process back into control does not actually improve
the process, it only returns it to its original state. This, however should not blind one to the fact that often the
objective of SPC, in an overall sense, is to improve process performance by inducing change.

Such betterment, through common cause reduction does not have to await special cause removal. A
significant improvement in process performance is evidenced in a control chart by an “out of control” situation,
as is a significant deterioration. Hence, the control chart has a built-in statistical test of significance.

These features are demonstrated in Figure 51 for an underwear making-up process.
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Figure 51 — Control chart for nonconforming underwear

Figure 51 shows:
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undesirable “out-of-control” situations (points above the  UCLs + upper control limits) due
causes: a broken needle, a sewing shop reorganizationand oil leak;

a desirable “out-of-control” situation (more than 9“consecutive points below the original centre |
common cause variation from a nearly 10 % fault rate to less than 1 %.

s example brings out why it is important to differentiate between special and common cause var
pradic special cause variation is due.to'specific assignable activities attributable to a machinist
pport personnel. The overall perfoimance of nearly 10 % fault rate, however, is a result of comm
Jemic in the system, which is @ management responsibility. Without this perspective, using a co
usual, in such a situation, not-to consider the impact of common causes on the performance of i

3 Statistical process.control or statistical product control?

this stage it is necessary, too, to distinguish between statistical process control and statistig
ntrol. Much so<called statistical process control is, strictly speaking, after the event statistig
ntrol. Figure 52-ilustrates this point.

such aqprocess, SPC is quite frequently applied to the product characteristics such as, image d
I. Superficially, from the standpoint of the customer, this may appear quite acceptable. Hoy
arly. not nearly as effective as control of the process parameters and process inputs that a

to special

ne) due to

a management-led major training and personal development initiative that gave rise to a reduction in

iation. The
and direct
on causes
ntrol chart,
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duct characteristics—After the n\lnnt1 detection of ||ncn+icfar\fnry prnr’h 1ot may gi\ln rise to r‘lnlaye I
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and increased production cost which, in turn, results in a decreased profit margin for the supplier and/or
increased price to the customer.

Why then is true process control not practiced more often? The primary reason is that for a large proportion of
processes the technical relationship between process parameters/process inputs and product characteristics
is not known. This is why the prior application of statistical experimental designs (commonly termed DoE:
design of experiments) often leads to a more purposeful and effective application of SPC. This aspect is dealt

wit

h in Clause 12.
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Characteristics

tack

material condition _ '
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resin content curl

moisture 1

coating sequence
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line speed

dryer temperature
air flow rate
relative humidity
wind tension

Figure 52 — Outline of process of applying a topcoat to.a_photographic film
This shows that it is necessary to realize that:
a) every|process generates information that can be used to conirol and improve its performance;
b) there [s a need to develop informed, perceptive observers Using appropriate statistical methodology;
c) there gre two sources of information and two primary statistical tools for dealing with them:
1) nptural variation: use SPC, a listening tool;

2) induced variation: use DoE, a conversational tool.

10.4 Over-control, under-control-and control of processes
10.4.1 Geperal

A process |monitoring system’may give rise to the following situations:
a) over-dontrol: actiop-is taken when it should not be;

b) undertcontralxaction is not taken when it should be;

c) contrdl:*action is taken when it should be and not taken when it should not be. A process is said to|be
under a state of (statistical) control when no special causes of variation are present. Variation can then be
attributed purely to “common causes”. Control is not a natural state but it is an achievement, arrived at by
elimination, one by one, by determined effort, of special cause variation. To achieve that, it is essential to
use SPC charts that set out to provide a signal when a special cause of variation is present, and to avoid
giving false signals when a special cause is not present.

Sometimes “assignable cause” is taken to be synonymous with “special cause”. However, a distinction
should be recognized. In practice, not all special causes are assignable. A state of control does not imply
that the common cause variation is large or small, within or outside of specification, but rather that it is
predictable using statistical techniques.
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10.4.2 Scenario 1: Operator reacts to each individual sample giving rise to process over-control

Suppose a particular preform extrusion process has a stable variation about the target mass value of 45 as
shown in Figure 53.

The operator takes one measurement at intervals and decides, from each particular observation, whether or

not to adjust.
YA
0.2
0,1
0 |I|IIII““| "“ll""ll ;
I I I -
40 45 50 X
Key
X | value
Y | odds
NQTE Pattern of process variation around stable mean of 45 shows chance of obtaining a particular yalue with a
single sample.
Figure 53 — Probability,of setter/operator observing a single mass value when mean 3 45
The setter/operator takes-one mass measurement at 20-minute intervals and compares the resylt with the
préferred, target or reference value of 45. Mass is controlled by adjustment of the speed feed. Adjugtment is in
stgps of 1 so an appropriate adjustment is made if the result differs from 45 by 1 or more. Tablg 21 shows
whiat may be expected in a process whose actual level is initially at the preferred level and which is plso stable
thrpughout with’respect to variation about the various actual process levels experienced. A typical fesult from
thi$ monitoring plan is shown in Table 21.
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Table 21 — Control plan (take one measurement at intervals and adjust or do not adjust)

Time Measurement | Subsequent adjustment Actual process level
value made

08:00 46 -1 45

08:20 42 +3 44

08:40 46 -1 47

09:00 48 -3 46

09:20 44 +1 43

09:40 43 +2 44

10:00 47 -2 46

10:20 44 +1 44

10:40 47 -2 45

11:00 etc. 44 +1 43

NOTE Measured values were obtained by taking values at random from a process with gonstant variation
pbout actual process levels. This simulates a real-life situation.

At 08:00, the setter/operator sees 46 and increases feed speed to decrease‘mass, thus over-controlling gnd
bringing tHe actual mean mass down to 44. At 08:20, the setter/operator,measures 42 and decreases fged
speed to ifcrease mass by 3 units. The mass then overshoots to a mean of 47; again over-control. And so ¢n.

The consgquence of this monitoring plan is to increase overall variation from 10 units of mass (45 + 5, gee
Figure 54)|to 17 units of mass [(43 — 5) to (47 + 5)] in Table 21,

This is an|example of process over-control. Here, the pehalty of over-adjustment is some 40 % increasg in
variation ojer the short time period considered. The general conclusion is that continual adjustment of a staple
process will increase variation.

10.4.3 Scenario 2: Operator monitors a process using a run chart giving rise to haphazard control

Suppose g process is being monitored_using a run chart as shown in Figure 54. A run chart is a graph that
displays opserved data in a time sequence. Whether or not reaction is made to changes in the restlts
monitored |will depend solely on thé operators. Control is thus not likely to be effective. Under-control anq/or
over-contrpl could thus be expected to arise. Control here is likely to be inconsistent and capricious as|no
guidance is given on how to interpret the variability.
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Figure 54 — Example of process run chart with variation,
but with no guidance on how to interpret and deal with variation
10{4.4 Scenario 3: Monitoring using SPC chart with-a potential for effective control
Herre, under-control is the result if improper use.is\made of the control chart such as:
—| “out-of-control” signals are not reacted-to, as they arise, and a completed SPC chart is analysed purely on
a retrospective basis;
—| the data used for plotting do. not represent process reality; for example, data is selected tg make the
process “look good”.

Fidure 55 shows an example of the use of an SPC chart with the data of Figure 54. Four “outtof-control”
sityiations are flagged _On,the chart. If these are reacted to positively at the time they are signalled, then the

prqcess will be effectively controlled.
Typical criteriafor “out-of-control” include the following:

1) _any-point outside of the control limits (upper and lower: UCL and LCL);

2), " any run of 9 consecutive points above or below the centre-line (CL);

3) any run of 7 consecutive points up or down;

4) any obvious non-random patterns (based on technical and operational knowledge of the process).
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Figure 55 — Example of process control chart with critetia for “out-of-control” signals
10.5 Key statistical steps in establishing a standard performance-based control chart

10.5.1 Gehperal

Having idgntified the process parameter or product eharacteristic to be observed, it is first necessary to decide
on a moniforing strategy, (such as how to constitute a sample or subgroup, how many observations to take,
and how frlequently) followed by the setting up“and interpreting of the control chart (such as how to set confrol
limits and ¢stablish out-of-control criteria). These are now discussed.

10.5.2 Manitoring strategy

10.5.2.1 [Subgroup constitution
In constitufing a subgroup{(se¢ 4.2.4 and 4.2.6), a number of factors need consideration.

The concept of subgrouping is that the variation within a subgroup is made up only of common causes, with all
special cduses aofi\wariation occurring between subgroups. As the primary role of a control chart is| to
distinguish betwéen common and special cause variation, the choice of rational subgroup has a consideraple
bearing or| the‘usefulness of a control chart for a glven purpose For mstance if a subgroup is made up|of,
say, the diame = ; C
variation W|th|n the subgroup may be mlnlscule However |f the subgroup is made up of three parts each of
which is selected from consecutive wheel dressings, the common cause variation will be much greater. There
will be far less homogeneity in the subgroup. This will have considerable impact on control limits. Hence the
constitution of a subgroup will depend on the primary purpose of the control chart and a thorough knowledge
of the process.

Frequently, the term rational subgroup is used. This highlights the need for further care in subgroup
constitution. Consider a multi-headed machine that is to be sampled at the rate of 1 per 15 min to make up a
subgroup of four. It would not be rational to take one measurement on head 1 at 08:00, one from head 2 at
08:15, one from head 1 at 08:30 and one from head 3 at 08:45 as it would be difficult to separate out within-
head, between-heads and between-times variation.
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Summarizing, the basic mean (X) and range (R) control chart can be looked upon as a two-factor nested
experimental design that separates out within-subgroup (common cause) variation from between-subgroup
(special cause) variation. This is shown diagrammatically in Figure 56.

The mean and range for each subgroup are calculated. These are then plottedhin time sequence. T
evaluates the variation within a subgroup. The X chart assesses the variation between subgroups.

Time 1 2 3 t
subgroup 1 subgroup 2 subgroup 3 ........ subgroup k
X1 XoXa X4 XoX3 X4 XoXa X1 XoXa
subgroup range = X max — X min : subgroup mean = (X 1+ X, t-Xg)/

Figure 56 — A two-factor nested design is the basis of an X R ¢hart
(illustrated with a subgroup size of 3)
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he R chart

It is often said that the measurements in a subgroup should be independent of one another. However, in
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a)

b)
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intgrpretation in most situations. Hence, recourse to complex techniques, such as the use of vario

co

ISQ 11648 is usually not required.
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Sometimes the sample 6Or)subgroup size may be dictated by circumstances. If the measuremen
destructive or expensive) or on a process parameter, such as curing time or flow rate, the subgrou

be
ad

a

~

ctice, this is frequently not achieved in a real-life process. A measurement in a subgroup is often

for most situations “significant” autocorrelation will have.minimal impact upon control chart limit

whilst severe autocorrelation may contaminate_the control limits, the control chart may usuall
interpreted at face value.

s indicates that one need not be overly.Concerned about the effects of autocorrelation on cg

relograms, to distinguish between.:random, cyclic, trend and correlated variations, as exp|

5.2.2 Subgroup size

necessarily small) for example, n=1 or n=2. However, larger subgroups have certain
antages:

even if{the individual measurements are not normally distributed, the distribution of the m
subgraups tends to normality as the subgroup size increases (central limit theorem); a sample
generally adequate to achieve this;

influenced

another to some degree. Hence data for control charts often‘yexhibit serial correlation (autocprrelation).
What impact does this have? A consensus view is that:

p

be safely

ntrol chart
grams and
ounded in

[ or test is
D size may
technical

ban of the
size of 5 is

b)

the larger the subgroup size, the greater the ability of the control chart to detect changes in the

This is depicted graphically in Figure 57.
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Figure 57 — Effect of subgroup size on ability to detect changes in process mean
(process nominal = 5,00, process standard deviation = 0,01)
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Figure 57a) shows that with a subgroup size of n =1, a shift in mean of 0,01 will only be expected to be
detected some 2 % of the time if the control limits are the only criteria for control. By contrast, Figure 57b)
shows that if the subgroup size is increased to n = 4, the same shift in mean is expected to be detected almost
16 % of the time.

This is because the variation of means is less than the variation of individuals according to the following
relationship:

Standard deviation of individual

\/Subgroup size

Standard deviation of mean =

10/5.2.3 Frequency of sampling
The frequency of sampling is a compromise between sampling cost and value of the [timely dptection of

prqcess changes. A useful guide is to consider taking about six subgroups between_ anticipated chianges in a
prgcess.

10]5.3 Construction of a standard control chart

10/5.3.1 Common features

The generic control chart for both measured data and attributes.(count and classified data) shafes similar
fegtures. Typically it consists essentially of five lines and a series of plotted points:

a

~

a vertical scale of values of a chosen statistic, X, say.(€.g. mean, range, standard deviation, |number of
nonconformities) of the subject characteristic;

b) | a horizontal scale depicting subgroup sequence:humbers;

c) | acentre-line (CL), where CL = mean of X= X;

d) [ an upper control limit: UCLg = X +3sg (where sg = standard deviation of the statistic plotted);

e)| alower control limit: LCLg =.X*— 3s,;

f) | plotted points representing the calculated values of the statistic, X, of rational subgroups spquentially
formed from measurements of the chosen characteristic.

Standard formulag and tabled constants are available for the calculation of standard limits. These dre given in
Anpex A.

10{5.3.2_<Example of typical mean and range control chart for measured data

UnfiKe, attribute charts that are formed from a single statistic (see Figure 51), standard control|charts for
measureddata—are ade up - of twostatistics;themearmor mediarm, tomomnitor thanges—imthe level of a
characteristic between subgroups; and the standard deviation or range, to monitor variability within a
subgroup.

An example of a mean and range (X and R) control chart for measured data is shown in Figure 58 for the
masses of specimens of fabric given in Table 2.
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X samplelnumber
Y1 samplelmean, x
Y2 range, R

Figure 58 — Mean and range chart for masses of standard specimens of fabric

The calcul@tions required for such a chart are as follows:

(101+99 +100 +102)
4

— first plptting point of Xbar chart is given by, = =100,5

— first plotting point of R chart is givenby: R=102-99=3

(B+8+4+--)

=6,112
32

— average range = Rbar = RC=

( oo,5+1o13+21 00.25+) g0,

— average of Xbarsex =

— UCLrange =Dy x R =2,282 x 6,112 = 13,95 (where D, = constant for n = 4, see Table A.1)

— LCLrange= D3xR=0
— UCLmean =X + 4, x R=99,92 + 0,729 x 6,112 = 104,4 (where A= constant for n = 4, see Table A.1)

— LCLmean=x -4, xR=99,92 - 0,729 x 6,112=95,5
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10.5.3.3 Rationale for control limits

Traditionally, there are two distinct approaches to the setting of control limits for performance-based control
charts. One approach was developed by Walter Shewhart, who chose control limits formed by adding to and
subtracting from the “expected” value, 3 (2 for warning limits) times the standard deviation. This was based on
his experience that this was an “acceptable economic value”. At about the same time, control limits were
formed by adding to, and subtracting from, the “expected” value, 3,09 (1,96 for warning limits) times the
standard deviation. The reason for this difference is brought out in Table 22. One approach focused on
rounded probabilities and the other on rounded multiples of standard deviations.

Table-22 shows that the difference is trivial.—The International ﬁrgnni7nfinn for Standardization (|SO) has
adppted the Shewhart system as the world standard (ISO 8258:1991).

Frgm a rational viewpoint, the use of + 3 standard deviations for action control limits can be argued, for a
nofmal distribution, as striking a reasonable balance between:

—| looking for trouble when it does not exist; and
—| not looking for trouble when it does exist.

A normal distribution can usually be expected for a means chart based,on-subgroups of 5 or more, [even if the
disribution of individual values is non-normal. However, for smaller subgroup sizes in a means chatrt, and also
for[charts of individuals, ranges, standard deviations and attributes,/the distribution of the plotted statistic can

be|decidedly non-normal. In such cases, limits based on probabilities for the representative distribution (e.g.
skew) are sometimes used.

Table 22 — The two traditional systems for calculating control limits

Control limits (action) Warning limits (sometimes used)
- : Probability| of being
Formula @ Probability of belnq al.)obvce Formula @ above thé upper
the upper control limit R R
warning |imit®
mean + 3 standard errors 0,135 % mean * 2 standard errors 2,28(%
mian + 3,09 standard errors 0,1 % (1/1 000) mean + 1,96 standard errors 2,5 % ([1/40)

@ | The mean and standard errorused for control limits are derived from prior process knowledge or a trial run of sufficient duration for
thg major sources of variation to manifest themselves. As the control chart is a model, or exemplar, of common cause vriation, data
arising from special cause variation should not be used in the calculation of control limits. Once calculated, there is no logif in routinely
redalculating centre-lines and control limits as is sometimes common practice. Recalculation is only required when thereg has been a
significant change in nominal value or common cause variation.

b | Probabilities wéfe ebtained from the standard normal distribution (see Table 7).

¢ | The probability of being below the lower control limit is equal to the probability of being above the upper control limit. Bimilarly, the
prdbability of being below the lower warning limit is equal to the probability of being above the upper warning limit.

=

10.6 Interpretation of standard Shewhart-type control charts

The lines in a control chart reflect common cause variation of the statistic. If the plotted points do not adhere
to that model, the presence of special causes is indicated. To test for an out-of-control situation, certain
guidelines are provided. Typical such guidelines for a normal distribution of the statistic plotted are shown in
Table 23.
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Using rule

at subgroyp 17. The cause should be sought and eliminated as soon as such an indication is seen on
control chart. The control limits should be recalculated, after discarding the data from this subgroup, to fq

the basis f

10.7 Selection of an appropriate control chart for a particular use

10.7.1 Overview

There are
(CUSUM)

Standard §
product ch
situations
characterig

The cumu
examining
three main

8532:2009(E)

Table 23 — Probabilities associated with different decision criteria

Rule Description Probability
1 Point outside of upper or lower control limit (action) 0,002 70
2 Nine consecutive points on the same side of the centre-line 2/512 = 0,003 91
3 Six consecutive points increasing or decreasing (including the 2/720 = 0,002 78
first and last)
4 Any obvious non-random variation 2

@ Based on process technical or operational knowledge rather than probability considerations.
NOTE By way of illustration, take rule 1. If a value exceeds the upper control limit, say, either the
process is:

— in control; in which case one has witnessed an extremely unusual phenomena, an event that has a
very remote chance of occurrence, namely, 1 chance in 741, 0,001 35 being approximately 1/741; or
itis

— out of control because of the presence of a special cause that needs investigation with a view to
elimination.

5 1, 2 and 3 for the example shown in Figure 58, an out-of-control situation is indicated for the me

br ongoing control.

many classes and types of Shewhart-type control charts available. In addition, the cumulative s
chart is becoming more widely recognized @s a very useful diagnostic and control tool.

Bhewhart-type SPC control charts normally require a different chart for each process parameter
aracteristic. This was recognized-by Bothe [771 who has developed universal charts to apply
where continuity of chartingtis ‘required in short run situations and across parameters 4
tics having different nominal~or target and/or average range values.

ative sum chart is, in mMany ways, superior to conventional Shewhart methods. It is appropriate

uses: control, diagnosis and prediction.

an
he

or

to
nd

for

all forms of numeri¢alydata relative to a reference value, on a retrospective or current basis. It has

128
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7.2 Shewhart-type control charts

Principal kinds of Shewhart-type measured data (i.e. variables) charts are shown in Table 24 and attribute
data charts in Table 25.

Table 24 — Principal Shewhart-type measured data control charts

de
Th
mg
of
An|

N(
siZ
effl

rarjge chart is shown for fabric mass specimens in Figure 58.

Subgroup size (n)

n=1 1<n<10 n>10
Clyart X-chrart MR-ctrart X—chart R-cirart X—chart chart
Plpt point X Moving R X R X s
Céntre-line X R X R X 5
ugL X+ EyR D4R X + AR D4R X Q55 Bys
LdL X -E,R D3R X- AR D3R Y- Ags Bgs
NQTE 1 The standard individual and moving range (X and MR) chart would be suitable inthese situations where it is only practicable,
or desirable, to take a single measurement at a time. Examples are process parametersisuch as temperature or pressurg and where

btructive testing is involved. Moving ranges are constructed from progressive sets ofiindividuals, for example, of size tw
e constants E,, D, and D, are based on the size of the set that constitutes the range: An alternative is to use a moving
ving range chart. Prior to calculating the control limits, the resulting distribution~should be checked for normality. The lesq
he individuals chart, compared with the average chart, for detecting shifts in'the“level of the process should be noted (se|
example of a standard individuals chart is shown for fraction silicon in %_:n Figure 64.

TE 2 The standard average and range chart is recommended for its‘simplicity, where manual charting is concerned,

ciency falls off, in comparison with the standard deviation, as the 'subgroup size increases. An example of a standard

es up to about 10. However, it should be borne in mind that the range is based only on the two extreme values in a subgroup and its

b or greater.
average and
er sensitivity
e Figure 57).

or subgroup

Bverage and

NQTE 3 The standard average and standard deviation ¢hart can be used instead of the average and range for all sulbgroup sizes
greater than 1.
The 4, B and D constants depend on the subgroup size. They are tabulated in Annex A. In the case of the moving range chart, the
eqpivalent subgroup size is the number of individual$-making up each successively plotted range.
10/7.3 Cumulative sum (cusum) charts
A ¢usum is essentially a running summation of deviations from some preselected reference value.[The mean
of any group of consecutive values is represented visually by the current slope. Its principal featureg are:
a) | its greater sensitivity than the Shewhart-type chart in detecting small changes in the mean;
b) | any changes’in the mean, and the extent of the change, are indicated visually by a change in slope of the
graph:
— \horizontal graph, i.e. zero slope: process is on target or reference value;
——downwards D:U}JU. processTmean istess-thanthereference—ot talyct va=uv:;, the ylv:;atcl th Slope the
bigger the difference;
— upwards slope: process mean is more than the reference or target value; the greater the slope the
bigger the difference;
c) it can be used retrospectively for investigative purposes, on a running basis for process control, and for

prediction of process performance in the immediate future.
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Table 25 — Principal Shewhart-type attribute data control charts

The choice

chart, how
information

NOTE 4

NOTE 5

NOTE 6

NOTE 7

— np: nunber of nonconforming units in a sample that is of constant size;
—  p: progortion of nonconforming units in a sample that is of variable size.
nonconforming units are involved. It is advisable, from the point of view of simplicity, to keep sample sizes constant if possil]

Incidences/rfonconformities charts frequently provide more technical information_than nonconforming units ones; however, cert
logistics infgrmation may be lost. For example, if one has 14 nonconformities in assample of 50 units, it would not be known, from

NOTE 2 The measured data chart is preferred whenever possible. Ansexample would be a diameter, say, which could be chech
with either al go/no-go gauge or measured with a micrometer. Another.illustration is where subjective judgements made on a particd
characteristit are converted into a rating scale of, say, 1 to 10. This permits the use of a measured data chart rather than an attrib
one. An exanple is a scale of 1 to 5 for degree of fabric pilling.

(see Figurep1) or a multiple characteristic chaft-The multiple characteristic chart facilitates prioritizing the sources of variation 3
diagnosis with a view to improving process capability.

Figure 51, apd ultimately improves to Jess.than 1 %.

significant clhange in the process.

f which to use depends on whether the sample size (n) is constant or variable/and whether incidences/nonconformities

nany units were affected. On the other hand, if 8 units were_jnvolved, some with multiple nonconformities, diagno
vould be lost on some nonconformities.

Having made the decision of which type,of attribute chart to use, a second choice is either to use a single characteristic ch

he capability of a standard-attribute chart is given by the overall average (centre-line) value; nearly 10 % initially
A much larger sampl€_size is needed with attributes charting compared with variables control charting to determ

I{ the LCL calculatés to be 0 or negative, there is no lower control limit.

Events: nonconformities Nonconforming units
Constant sample Variable sample Constant sample Constant sample
Chart H ([t H “_on H “ ” H “_n
size: “¢” chart size: “u” chart size: “np” chart size: “p” chart
Plot point C U np p
Centre-line c i n-p p
UCL T3VC fir RN T—
¢ +3Vc 17+3\/1 n-p+3n-p(1=p) ﬁ+3\/p( p)
n n
LCL N _ o fr n-p-3n p(1-p) 53 5(14 p)
n n
NOTE 1 here are four types of standard attribute charts:
— ¢ number of incidences, events or nonconformities in a sample that is of constant size;
— u: number of incidences, events or nonconformities per unit in a sample that is of variable size;

or
e.
Rin
he
btic

ed
lar
ute

NOTE 3 Tlhis preference is for two principal reasons: one|_the measured data chart provides more information, and two, in the qudlity
field the attripute chart often requires nonconformities of honconforming units to occur before plotting can take place.

art
nd

n

Ine

11 Process capability

11.1 Overview

In Clause 10, the performance-based control chart was discussed purely in terms of process control. No
regard was given to the acceptability, or otherwise, of the characteristic in respect to an imposed standard of
performance. A further important technical role of the performance-based control chart is the provision of the
basis for the assessment of process capability against the requirements of a specification and for the
formulation of standardized benchmarks of performance. The four states of any process are shown in

Table 26.
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Table 26 — The four possible states of any process

Control (stability)

Not ok Ok

eliminate special causes

Not ok reduce common causes

Capability

(performance) reduce common causes

Ok eliminate special causes ideal situation: monitor at low level

Question 1: Is the process in control? This is directed, primarily, at operational people wor
process. If not in control, there is a need to seek out and eliminate detrimental special cause v3

Question 2: What is the process capability in relation to the specified requirement or
expectation? This is directed, primarily, at technical people responsible-for the process. If this i
acceptable level, there is a need to make fundamental changes to the-process to reduce com
variation, to use a more capable process or to relax the specification.

Question 3: Is there evidence of improvement? This will be sigialled as follows:

— in a measured data chart, by an “out-of-control” mavement in the mean towards the prefe
and/or an “out-of-control” reduction in the within=subgroup variation indicated by the

standard deviation chart;
in an attribute chart by an “out-of-controf’*change in the mean towards the preferred va
consecutive points below the centre-line (rule 2) in the case of the plot of nonconf
Figure 51.

s is directed, primarily, at management who, in a best practice organization, are responsi
ntinual improvement of processes.

2 Process performance yersus process capability

D 3534-2 distinguishes between process performance and process capability as follows:
the outcome)of/a characteristic from a process that may not have been demonstrated to be ir
statistical control in relation to that characteristic; whereas

progess capability and its related C,, (Capability,cess) indices have an identical definition
exception that here the process has been demonstrated to be in a state of statistical control.

b performance-based control chart provides answers to the following three significant business qliestions.

ing in the
riation.

customer
5 not at an
non cause

rred value

range or

lue: seven
brmities in

ble for the

process performance and its related P, (Performance,.qss) indices relate to the statistical ¢stimate of

a state of

, with the

Arising from these international definitions, process performance measures are preliminary indicators confined
to early development activities in developing the potential of new processes or more mature processes that
are not in a state of statistical control. They are thus unrelated to the quality of product, process or service
offered to the ultimate customer. Concentration here is therefore focused on process capability measures that
are based on prior demonstration of process stability. Having stated that the calculations associated with
process capability are identical to those of process performance, the significant difference is the stability of the
data used in the calculations and the reliability of subsequent predictions.
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11.3 Process capability for measured (i.e. variables) data

11.3.1 General

Process capability is calculated for a particular process parameter or product characteristic only after process
stability has been confirmed and the distribution pattern of individual values has been determined.

The confirmation of process stability is first established from a control chart. Only then may reliable predictions
be made and the distribution pattern be determined by recourse to tally charts, histograms, probability papers
or computer-based distribution techniques.

11.3.2 Estimation of process capability (normally distributed data)

For normally distributed data from a stable process, an estimate of the capability of a particular_€haracteristic
is given byl the formula:

X+({-s)
where

X

g the overall mean;

N

ig the chosen constant, often equal to 4;

the estimated standard deviation of individuals.

A
=

EXAMPLE If data taken from a stable process exhibits a nérmal pattern of variation and X = 10,01, z=4 and
s =0,01, thg¢n the estimated capability is quoted as:

10,01 £ 0,04

EXAMPLE within which (from Table 7) nearly 99,994 % of values are predicted to lie (as 2 x 32 parts per million [are
expected oytside of this range of values).

If, on the other hand, the capability standard.is‘less stringent and z is taken to be 3, then the estimated capability is qudted
as:

10,01 £ 0,03
within which) 99,73 % of values‘are expected to lie.

Capability [can then be-referenced to any imposed specification limits and the proportion expected outsidg of
these limit$ estimated)using Table 7. For instance, if the specification is 10,00 + 0,04:

— enterffable’7 atz I Us.0 (10,04 - 10,01)/0,01 = 3, to give 0,135 % above the upper specification Iirrlu

S

it

— enter Table 7 at Z=M=(10,01 -9,96)/0,01 =5, to give 0,3 parts per million below the lower

N
specification limit. The pictorial expression of this is shown in Figure 59.
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1
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9,96 9,98 10 10,02 10,04 10,06
9,97 9,99 10,01 10,03 10,05
Key
1 | mean X data
2 |CL Y function value of probability density

NQTE 1 Mean = 10,01; s = 0,01; Specification = 10 + 0,04

~

NQTE 2  CL = centre-line = mid-distance between upper specification limit (U) and lower specification limit (2

Figure 59 — Graphical comparison ©of process capability with specified tolerance

It ¢gan be seen that the choice of z does not’affect the proportion of values predicted to lie outgide of the
specified tolerance. However, if z = 3, ratherthan z = 4, is mandated as a minimum standard, the implication is
thdt, provided the capability expressed by 10,01 + 0,03 lies within the specified tolerance band, the process
capability is acceptable. For z = 4,.this becomes 10,01 + 0,04. In other words, with z=3, up to 0,135 % is
tolgrated outside each specification limit as opposed to 32 parts-per-million with z = 4. Thence in the example:

—| if z= 3 is the minimum reference standard, the process is deemed capable;
—| if z=4 is the minimum reference standard, the process is deemed incapable. It can be made ¢apable by
either reducing-the standard deviation from 0,01 to 0,007 5, by adjusting the mean from 10,01 to 10,00 or

by changing the specification.

11]3.3 Estimation of process capability (non-normally distributed data)

11]3(3:1 General

From the central limit theorem, it is known that averages of subgroups tend to normality as the subgroup size
increases. However, many processes quite naturally produce patterns of variation for individuals that are non-
normal. For example, dimensions with a natural zero such as eccentricity, parallelism and taper are likely to
be skewed. So are such things as times to pay, arrival times and length of time to resolve a query. Similarly,
there may be patterns that have natural upper bounds and thus produce a negatively skewed distribution. It is
essential that any statistical statement of capability be based upon the pattern of variation exhibited by the
process.

Statistical expressions for capability of non-normal distributions are best expressed in probability terms rather
than in terms of standard deviations.
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A typical expression of capability for a skew distribution, equivalent to the + 3 standard deviations for the
normal distribution, would be:

+ range of values between the mean and upper 0,135 distribution percentile

mean
— range of values between the mean and lower 0,135 distribution percentile

This is indicated graphically in Figure 60.

1
Yi
? = =3
- +
| | | | | | | | | | | | >
o 1 2 3 4 55 6 7 8 9 10 1 X
Key
1 mean X data
2 0,135 % below the lower specification limit Y function value of probability density
3 0,135 % above upper specification limit
Figure 60 — lllustration of the estimation of capability with a skew distribution
(equivalent to a range of + 30in a normal distribution)
A simple |graphical procedure is the use of an appropriate probability paper. See 5.3.7 and 5.3.9.4.
Alternatively, good SPC-computer programs use distribution-fitting routines.
11.3.3.2 |[Example of assessing process capability of a skew distribution using probability paper

An example will best illustrate the procedure. The data of Table 27, relating to the measurement of silicon
through the tap hole of a blast furnace, are to be used.
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Table 27 — Values of fraction silicon in % taken in sequence from a blast furnace

0,13 0,15 0,19 0,22 0,20 0,20 0,18 0,26 0,40
0,10 0,22 0,29 0,18 0,13 0,16 0,28 0,34 0,20
0,19 0,21 0,28 0,25 0,15 0,22 0,23 0,32 0,20
0,22 0,24 0,21 0,19 0,12 0,31 0,24 0,30 0,42
0,45 0,19 0,29 0,22 0,21 0,18 0,18 0,31 0,31
0,25 0,22 0,15 0,17 0,22 0,16 0,22 0,31 0,36
0,13 0,15 0,32 0,15 0,23 0,14 0,31 0,27 0,27
0,14 0,17 0,20 0,18 0,34 0,16 0,25 0,12 0,36
0,25 0,22 0,30 0,15 0,32 0,19 0,31 0,24 0,27
0,23 0,25 0,19 0,11 0,18 0,34 0,45 0,40 0,21
NOTE Sequence of readings: first read downwards in column 1, then downwards in-column 2, etc.

The tap hole of a blast furnace is opened at 3-hour intervals and the fraction silicon in % is measured and

reqorded. Ninety of these values, taken in sequence, are shown in the ‘table. (Data reference: ISO 11648-1
[43 )

Before carrying out any detailed calculations, it is always advisablé to do some plotting of the datga. A simple
dot plot is shown in Figure 61 and there appears to be a lofiger positive tail or positive skewnessl A normal

prgbability plot follows in Figure 62, which casts severe doubt'that the distribution is normal.
YA
9 e
81 e
T e
6 ® 00 o &
S ® 666 &6 6 @
41 ® 0060606 e ®
3 ® 60 6606666606 © ®® &
2 00000000000000 06060006 © © | @
1 999600000000000000000060 @ @ 6 6 &
0,05 04 0,15 0,2 0,25 0,3 0,35 0,4 04p X

Key

X | fraction ‘silicon, in %
Y | number-of observations

A simple transformation is to make a log transform of the data. The probability plot of the log transform in
Figure 63 shows essentially a straight line of the data.

Although other transformations may be applicable, the log transform is easily understood. Thus, further
analysis of the data will be on the log transform. An individual’s control chart in Figure 64 is shown next.

A detailed analysis will not be made of the control chart other than to state that there probably are more trends

seen than would be expected if the process were in perfect control. An EWMA (exponentially weighted moving
average) chart and a CUSUM chart confirm this.
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Further examination of the original data and of the log transformed data: The mean of the original data is
0,234 and its median is 0,220. If the log transform is an appropriate transform, then the mean of the log
transformed data, when converted back to original units, should be essentially the same as the median of the
original data. The mean of the log data is —1,5083 and e 19083 _ g 221! Very good.

Working with the log-transformed data, the approximate C, limits can be calculated and then converted back
to the original units. The results are: 0,08 and 0,60. However, since these are based on only 90 data points,
they should be used with great caution.

When the data are non-normal, it is always a challenge to find an appropriate transformation to ease many of
the neceS~ il y \Ja:uu:atlul 1O, ThU uha”cl IyU \Jf fll Id;l Iu thqt tlal IOfUIIIIGt;UII ID bUy\JI Id thc O\JUPU Uf thlo TU\JhI I.ﬂal
Report, but there are excellent textbooks available to help. Likewise, some of the modern statistical software
packages fan be of great aid.
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Key

X fraction|silicon, in percent
Y percent

Figure 62 — Probability plot for percent of silicon data showing overall pattern of variation
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Figure 63 — Probability plot forthe logarithm of percent of silicon data
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Figure 64 — Individuals control chart of In percent of silicon with limits

© ISO 2009 - All rights reserved

ISO/TR 18532:2009(E)

137


https://standardsiso.com/api/?name=c18e5b81c1ca96ad2ffc6deb96b0f57d

ISO/TR 18532:2009(E)

11.4 Process capability indices

11.4.1 General

Process capability indices provide simple standardized metrics, in worldwide use, which assess the capability
of measured characteristics in relation to specified requirements. The application of these indices is growing
rapidly with an increasing number of customers requiring documented proof of first time quality through:

— the achievement and demonstration of appropriate control chart stability, together with;

— the r¢
and p

Of equal
means to
subsupplie

Originally,
those who

alization and confirmation of minimum value capability indices for significant process paramet
oduct characteristics.

onsequence is the use of SPC and capability indices to provide suppliers themselves”with
ise “first time quality health profiling” as a business tool within their organization and those of tk
rs.

capability indices were intended for use with normally distributed data. Unfortunately, there
still calculate and declare indices based on normality even when the distribution is patently n

the
eir

are
bN-

normal. This has arisen, to a large degree, by the equations for the indices often-appearing to be gengric

when inde

Discussior

11.4.2 The Cp index

The Cp pr

does not take the location (e.g. mean) of the distribution into,aecount. Generically, for a process in control,

given by:

C, =

bd they are specific to the normal distribution.

of specific capability indices is confined to standardized ones that are in general use.

Permissible range of values Specified tolerance

p

NOTE
deviations f

For a norn

C:

Actual standardized range of values \ (99,865 percentile — 0,135 percentile)

The C, index is referenced worldwide, quite arbitrarily, against the probability equivalent to 6 stand
br the normal distribution. Figure 60.ndicates the significance of the 99,865 and 0,135 percentiles.

al distribution, this expression reduces to:

Specified tolerance U-L

p

As Cp doe
a centred
or product
location in

5 standard deviations 6 standard deviations

5 not take thelocation of the distribution into account, it provides a value for the relative capability
brocess.\For a non-centred process, it represents the potential capability of the process parame

o,aceount.

bcess capability index relates a standardized processispread to the specified tolerance interval.

tis

ard

of
ter

charagteristic. Hence G should always be used in conjunction with other indices that do take

The minimum acceptable value of C, will depend on the appropriate customer contractual requirement or
benchmark set internally by the supplier for a given application. In some business sectors C, > 1,33. For a
centred process having a normal distribution, a C, of 1,33 can be expected to give rise to 32 parts per million

above and

32 parts per million below specification limits. Substitution in the equation:

_ Specified tolerance U-L

P~ 6 standard deviations 6 standard deviations
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indicates that:

a Gy of 1,33 equates to: U - L =8 standard deviations. If centred and normal, from Table 7, this can be
expected to give rise to 32 parts per million above and 32 parts per million below specification limits;

namely, nearly 99,994 % conforming to specification;

a C, of 1,00 equates to: U — L = 6 standard deviations. If centred and normal, this will give rise to 0,135 %

above and 0,135 % below specification limits; namely 99,73 % conforming to specification.

Table 28 — Factors for calculation of the 95 % lower confidence limit, C, ..., of C,

for various numbers of subgroups and subgroup sizes

Subgroup Number of subgroups
size 1 5 10 20 80
3 0,255 0,631 0,735 0,811 0,845
4 0,369 0,697 0,783 0,845 0,873
5 0,443 0,735 0,811 0,865 0,890
6 0,494 0,760 0,829 07879 0,901
7 0,533 0,779 0,843 0,888 0,908
8 0,562 0,793 0,853 0,895 0,914
9 0,586 0,804 0,861 0,901 0,919
10 0,605 0,813 0,867 0,906 0,923

C,|is an estimate. It is thus subject to sampling variation. Strictly speaking, confidence intervals|should be
computed to provide a range of C,s that include-the true C, with a given probability. A centred procgss is then
degemed capable if the minimum acceptable C;= lower confidence limit. In practice, it is the excegtion rather
thgn the rule to use such confidence limitsxTable 28 (from Li, Owen and Borrego) [197] provides yalues with
which to factor the estimated C, to obfain the 95 % lower confidence limit, C, . of C, for @ range of
subgroup sizes in terms of number of subgroups.
Mditiply the tabulated value by the C,, estimate to obtain the 95 % lower confidence limit, C,, iy, of ¢,.
EXAMPLE Cp has been caléulated as 1,60, based on the average subgroup range of 20 subgroups of 5 [for a stable
prdcess having a normal distribution.
Frgm Table 28, Cp mim(at'the 85 % confidence level) = 0,865 x 1,60 = 1,38
1114.3 The Gy family of indices
There are'three indices from the Cok family in general use. These are:
C _ U —mean
pku Range between mean and upper 0,135 distribution percentile
Co - Mean - L
pkL Range between mean and lower 0,135 distribution percentile
Cok = Minimum of Cp; and Cpy,,
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For a normal distribution, Cp;; and Cp; reduce to:

CpkU

CpkL =

_ U —-mean
3 standard deviations

Mean-L
3 standard deviations

The Cok family of indices relates both the process variability and the location (setting) of the process to

specificatioplimits-

Coky 18 an
relates pro

For a sing
the propor

Cpko the |
requireme

Co >

However,
process is

information conveyed. This is particularly relevant to a supplier f‘the penalty of transgressing one limi

different fr
a length; t
value alws
Cokz Whilst

In practice
contractua

These indi

— by cu
autom

showr

index that relates process variability and location to the upper specification limit, whereas-C
cess variability and location to the lower specification limit. This is shown graphically in Figure 6

e-sided specification limit, only one of these indices can be calculated. Knowing G and/or el
ion lying outside a specification limit can be determined using Table 28.
hts. Typical such values are:

1,33

t should be borne in mind that C,,, on its own, gives no jndication of the direction in which
biased, if at all; the location of the distribution; or the extent of the variation. It thus degrades

bm transgressing the other. Such a situation could arise, for example, with a characteristic such
bo short could give rise to scrap and too long to less eéxpensive reworking. Neither is the prefer
ys on nominal: for example, if minimum is best.then one would aim for the minimum accepta
, at the same time, maximizing Cp and CpkU.

, the minimum standard for C;,.;; and Ci;-is often taken to be 1,33. However, this will depend
requirements or seIf—imposechenchmarks currently in place in a given sector or organization.
Ces are becoming more widely used:

otive and aerospace sectortechnical requirements);

in Table 29.

pwest of Cp; andlor Cp;, is sometimes quoted alone as a minimum (standard in contractual

the
he
as

red
ble

on

stomers for supplier process) ‘certification/accreditation in certain industrial sectors (for example,

by suppliers to provide quality health profiles for their organizations. A typical example of such a profilg is
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Figure 65 — Relationship between C, and C,,;;and C,; for two sets of process variabjlity
and locations of specification limits

To avoid confusion, or worse, it is recommended that any statement of capability using these indices should
contain at least five items of information, viz. Cp,, Cpn Cpy, distribution shape and an indication of the
preferred value, namely maximum, minimum or nominal is best. Table 29 provides such information.

As C, is an estimate, from a statistical viewpoint, it should be qualified by confidence bounds between which

the true value is expected to lie. In such cases, frequently the lower confidence limit only is quoted. Table 30,
from Chou, Owen and Borrego (801 provides such limits for a range of sample sizes and values of Cpk.
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Table 29 — Steel works quality health profile for selected process characteristics

Characteristic Aim In control | Distribution Capability

CokeL G Coku
Silicon nominal yes skew 1,3 1,0 0,9
Aluminium nominal yes normal 1,4 1,5 1,6
Teeming temperature nominal yes normal 1,3 1,3 1,3
Teeming time nominal yes normal 1.6 1.7 1.8
:(il::lleeseier workforce minimum yes attribute 0,73 %
Cobbles minimum yes attribute 0,14 %
Billet rhomboidity minimum yes normal 24 — —
Time to charge minimum no bi-modal disparity between steelmen 2

]

Subject of investigation.

Table 30 — Approximate 95 % lower confidence limits for Cok

Estimated Cpk Sample size, #

20 30 40 50 100 200 300
1,0 0,66 0,72 0,76 0§79 0,85 0,89 0,91
1,2 0,81 0,88 0,93 0,95 1,03 1,08 1,10
1,4 0,95 1,04 1,09 1,12 1,20 1,26 1,29
1,6 1,10 1,20 1,25 1,29 1,38 1,45 1,47
1,8 1,25 1,35 1,41 1,46 1,56 1,63 1,66
2,0 1,39 1,51 1,58 1,62 1,74 1,81 1,85

The confidence limits are given for a.normal distribution in terms of estimated C,, and sample size.
11.4.4 The Cyy, index

11.4.4.1 |Current specification practice versus optimal design values

The point|value_of a measured characteristic expressed in a design specification is intended to reflect
preferred yalué, This focus has been diffused by two practices:

— the setting of acceptable tolerances around the preferred value to reflect the presence of some variation
in the realization process, for example, 20,0 mm = 0,1 mm;

— the quoting of the range of permissible values, for example, 20 Nm to 80 Nm, without any reference to a
preferred value. This leaves it open as to whether nominal, minimum or maximum is best.

These practices can give rise to two types of response:

— no emphasis or regard is placed on achieving preferred value: the “goal post mentality” prevails; namely,
anything within the specified tolerance represents acceptable, or even premium quality;
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— aiming at a value that is most cost effective from the supplier's point of view, often to the detriment of the
customer. If this is coupled with a drive to minimize variation in the process to maximize the gain to the
supplier, then this can be even more detrimental to the customer. An example would be to offset the aim
of the process towards the specification limit that provides the greatest saving in material. As an
illustration, a garment manufacturer who buys wool by the kilogram could knit more jumpers or cardigans
per kilogram if the wool is on the thinner side (higher “count” wool) of the specified tolerance. Whilst this
would be cost advantageous to the manufacturer, it would be to the detriment of the retailer and of the
ultimate wearer.

11.4.4.2  Expression for C,, index

An[index, Com: has been devised to provide a single quantitative measure of diminished utility that'dan arise in
terms of process offset from preferred value and the extent of process variability.
U-L

C =
pm =
6ys2 + (X - T)2

wheere

s is the sample standard deviation;

X is the process mean;
T s the target value.

When X =T, Com =Cp. As the mean drifts from the target and/or the standard deviation increasss, the Cp,
value declines.

Thus C,,, is a measure of both process spread<and level in relation to the target value. The yse of Com

refpcuses on the targeting of optimal values rather than a degraded minimum requirement of confgormance to
specified tolerances. The Com index is based\oh some fundamental loss concepts as illustrated in Fjgure 66.

11{4.4.3 Basis of C, index
Quality is frequently defined as-*conformance to specification”. Traditionally, such specifications for measured
characteristics embrace an aallowable tolerance band. This widely practiced approach is based on the “goal
post’” mentality, as indicated in Figure 66.
In [terms of loss fupction it assumes, in the model of Figure 66 a), that there is no loss for vplues of a
characteristic anywhefe within a specified tolerance band, but there is an incremental loss for those beyond
thq specificationJimits.

The implications of this mind set are the following.

a

~

All ‘eharacteristic values within the specified tolerance range are equally acceptable so there is| no or little

incentive to aim-—at an nphmnl r'!nmgn value; nnmnly, it prnr{nr\nc a—_mindset that inhibits qua“ty

improvement. However, it does enable clear-cut decisions to be made about conformity.

b) Exploitation of a) is acceptable to the detriment of the customer. One example of deliberately offsetting
the process to achieve gain to the supplier at the expense of the customer has already been given in
11.4.4.1 for the wool garment manufacturer. Another illustration of this exploitation of relatively low
process variation relative to specified tolerance is the practice of permitting the process mean to drift
across the specified range. This can arise fortuitously due to lack of statistical control of a process or
deliberately in situations, for instance, involving physical tool wear or progressive diminishing in the
strength of a solution. In such cases, this will result in marginally acceptable characteristics at the start
and end of each cycle of tool replacement or topping up. Such practices frequently give rise to a decrease
in utility to the customer.
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This goal post mentality model is contrasted with the Taguchi ['27]1 economic loss model shown in
Figure 66 b). To obviate the need for extensive calculations for each and every design characteristic, Taguchi
advocates the use of a generic quadratic loss function. The resulting parabola has its minimum point at zero at
the optimal design value and rises on either side in proportion to the square of the distance from the preferred
or target value. This quadratic loss function can be conveniently split into two elements:

— the process variance, o2,

— the square of the offset of the process mean from the target, (u —T)2 .

Yi L U
1 1 -
!
B | | >
-1 0 1 X
a) “Goal post” loss*function model
L U
Yi
\ ! /]
- l

T e TH

T T %
-1 0 1X

Key
X value
Y loss

b) Taguchi generic loss function model

Figure 66 — Comparison of conformance to toleranced specification with optimal value approach
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Thence, the loss is equal to ko? +k(u —T)2 , Where £ is the loss parameter. This gives rise to the function for

C

pm*

Complications arise in the use of Cpm if the optimal value is not the mid-point between specification limits, if
the distribution is non-normal or if the process is not under statistical control.

Although the generic quadratic loss function may be difficult to quantify in specific instances, one should not

los

e sight of the very important message it conveys. That is that:

Quality as perceived by a customer is not a go/no-go situation. There is an optimum or target value. As a

characteristic varies from this point, the perception of quality progressively deteriorates until at.s

11

Th
stg

a

~

b

~

Rel
va

A

ca

Esibly a specification limit, the condition becomes untenable.

simple example of this is ambient temperature. Although in an industrial situation theére‘may b
ximum and minimum values laid down, any deviation from the perceived ideal valde may caus
liscomfort depending on the extent of that deviation.

5 Process capability for attribute data

b capability of an attribute process is obtained simply from the centre-line of the attribute contro
ble process. It is typically expressed as:

average nonconformities or faults per unit for ¢ and u charts;
average proportion of units nonconforming for p and np*charts.

moving special causes of variation from an attribute process, through elimination of sporadic
iation, restores the status quo. It does not imprave it.

bme point,

e statutory
> a degree

chart of a

causes of

process in statistical control reflects systemic causes of variation, the extent of which is indicgted by the
stgtus quo or on-going level of performance, namely the capability of the process. Reduction

Ises demands fundamental changes-in approach to that adopted for the removal of sporadic ¢

f systemic
auses. An

example of this is shown in Figure 61-"Changing the capability to a more favourable value improves attribute

prd
by
is f
sh

EX]|
ins
baf

cess performance. This is seento be achieved when the level of performance moves significar
an “out-of-control” control chart) towards the preferred or targeted value of capability. This prefe
requently zero where nonconformities or nonconforming items are concerned. However, the targ
puld be realistic and reflect the specific diagnostic and improvement programme established to ag

AMPLE Printed-circuit boards of a particular type are assembled in batches of 25 units. These
pected in assembly sequence and the number of nonconformities/faults per batch recorded. The results
ches are shownin Table 31. Determine the capability of the printed circuit board assembly process.

tly (shown
rred value
eted value
hieve it.

are 100 %
of 60 such
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Table 31 — Faults per batch on printed circuit boards (60 batches of 25)

Batch no. Faults Batch no. Faults Batch no. Faults
1 3 21 0 41 1
2 2 22 3 42 0
3 1 23 3 43 2
4 3 24 3 44 4
5 1 25 0 45 7
6 2 26 2 46 4
7 5 27 3 47 4
8 3 28 3 48 3
9 0 29 4 49 0
10 4 30 2 50 2
11 2 31 3 51 1
12 6 32 1 52 3
13 4 33 1 53 1
14 0 34 2 54 3
15 4 35 0 55 3
16 5 36 3 56 4
17 5 37 4 57 0
18 1 38 2 58 1
19 3 39 4 59 2
20 5 40 3 60 3

The attrib

ites control chart for this data-shown in Figure 67 is seen to be in statistical control. Hen

capability fnay be calculated from the centrol chart mean. This is given as 0,102 faults per unit.

A plotis al
plotted as
that it start
could be u

50 shown in Figure 67 of eumulative faults per unit. In practice, it is recommended that this figure
well as the control chart to determine whether or not the capability value has stabilized. It is sq

nreliable.

ce,

be
en

s to stabilize at about-the 35th batch in this particular case. Any prediction of capability prior to this
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a) SPC chart — Faults per unit (FPU)
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b) Cumulative FPU
y
overall average FPU, p = 0,102
PCB capability = 0,102
batch number
FPU

TE 1 TheSRC chart is a plot of number of faults per batch divided by batch size, namely faults per unit

primted circuit hoard. Hence the first point plotted is 3/25=0,12, the second point plotted is 2/25=0,08

De

hoting the“oVerall average FPU by p , the upper control limit is given by:

UCL=B+3V15(127_515) =O102+3\/%:02836

or faults per
and so on.

NOTE 2

The faults per unit (FPU) chart is a plot of the cumulative faults per unit. Hence the first point plotted is

3/25 =0,12, the second one is (3 +2) / (25 + 25) = 0,10, the third one is (3 + 2 + 1)/(25 + 25 + 25) = 6/75 = 0,08, and so

on.

Figure 67 — Printed circuit board faults SPC chart and cumulative faults per unit (FPU) chart
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In summary:

1) the control chart confirms that the process is in a state of statistical control and provides a value of
the overall mean;

2) the cumulative chart indicates when enough data has been collected to provide a stable estimate of
the process capability.

12 Statistical experimentation and standards

121 BaJic concepts

12.1.1 What is involved in experimentation?
An experiment involves changing things that are believed to have an effect on the performance of the process,
product or|service. By changing from one set of conditions to another, to a predetermined pattern, the actual
effect can pe estimated. In an experiment:

a) the things that are changed are called factors;

b) the cgnditions to which the factors are changed/set are known as levels;

NOTE The term “level” is normally associated with a quantitative charactéeristic such as temperature, in which case
differing experimental levels could be 200 °C and 220 °C, say. In experimentation, it also serves as the term descriljing
the setting ¢f a qualitative characteristic, for example, the absence or presence of a catalyst, compound A or compound B
and matt or|gloss ink base.

c) the vdlue of the performance characteristic outcome is-called the response;

d) the change in the response as a result of a change in factor level is termed an effect.

12.1.2 Why experiment?
Experimentation has many practical uses. It enables one to determine how standards of performangce,
dependability, acceptability and affordability of products and services, processes, materials and mixtures fare
influenced|by:

a) featurgs of products and seryices (e.g. tolerances, nominal values);
b) paramnjeters of processes (e.g. temperature, pressure);

c) propefties of materials (e.g. hardness, machinability);

d) formulatiohs{of mixtures (e.g. of alloys, fuels, concrete, cloth).

Whilst experimentation plays a major role in_probiem soiving, there 15 a need to progressively snift the
emphasis to its integration in the mainstream activities of design and development. Genichi Taguchi [128] has
proposed a two-step approach, which uses experimentation to “tune in” a basic prototype design, which he
terms “parameter” design and “tolerance” design.

Parameter design is concerned with the identification and exploitation of three types of design factor:

— control factors: those that affect the variability of the response;

— signal factors: those that affect only the level of the response;

— null factors: those that do not materially affect either the variability or level of response.

148 © 1SO 2009 — All rights reserved


https://standardsiso.com/api/?name=c18e5b81c1ca96ad2ffc6deb96b0f57d

ISO/TR 18532:2009(E)

Firstly, control factors are identified and adjusted to achieve design “robustness”. A robust design is one that
is insensitive to so-called noise factors that are impossible, inconvenient or impractical to manage.

Examples of noise factors are: environmental, ambient temperature, humidity, vibration, supply tension and
dust; deterioration, wear, drift and fatigue; and imperfections in manufacture, delivery or use, deviations from
nominal.

Secondly, signal factors are adjusted to bring the response on target.

Thirdly, the null factors are adjusted to the most economic level.

Th
pe

b overall effect in identifying and setting nominal values of design factors in this way is to achig
formance over a wide range of conditions with economy.

ve optimal

To

pe
be

erance design is concerned with specifying the most liberal tolerances and controls to me
formance. This is achieved by experimentation that seeks to take advantage of anymon-linear r,
ween factors and responses.

et a given
elationship

12]1.3 Where does statistics come in?

Topay's statistical experimental designs emanate from R.A. Fisher's [99 work in England in the 192ps. Prior to

this, it was deemed scientifically sound to conduct a multi-factor experiment by varying the level of|one factor

at [a time, keeping the levels of all other factors constant. Fishér introduced the concept of [a factorial

experimental design in which all factors are varied simultaneously. The principal motivators for using such

stgtistically designed experiments include:

a) | increase in information for a given number of experimental runs, including the separation of main effects,
interactions and experimental “noise”;

b)| potential for cost and time savings through the reduction in the number of experimental runs required for
a given effectiveness and the ability to planand execute tests more efficiently;

c) | ability to predict optimal combinations of factor levels even when they do not form part of|the actual
experimental plan;

d) | ability to adopt a sequentiakrather than a one-shot approach;

e) | relative ease of analysis.and interpretation of the results.

12]1.4 What types of'standard experimental designs are there and how does one make a chdjice of

which to use?

12]1.4.1 Fall factorial experiments

the extent
factors.

Fu
to

| factorial experiments in the form of orthogonal (balanced) arrays are well suited for determining
vhich' the effect on the response of a change in level of a factor differs at different levels of other

However, when the number of factors and/or their levels become large, the size of a full factorial experiment
can become prohibitively large. For example, to test all combinations of 6 factors each at 4 levels would
require a minimum of 4% =4 096 experimental runs. Additional runs would still be required to investigate
variation in the response at each combination and to estimate experimental noise. In such an event, fractional
factorial designs often provide an economic solution that is technically adequate, particularly in situations
where higher order interactions or non-linearity can be safely ignored.
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12.1.4.2 Fractional factorial experiments

12.1.4.2.1 General

Fractional factorial designs stem from the work of Tippett, Finney and Rao in the 1930s and 1940s. More
recently, they have been popularized by Taguchi [128]. A number of orthogonal arrays are available together
with simple, mainly pictorial, instructions for selection, application and analysis. The versatility of the most
popular basic two-level orthogonal array is shown in Table 32. It is seen that if technical considerations
indicate that some interactions are not likely to be important, then considerable economy in experimental effort
is possible. At least a three-level design is required to investigate non-linearity.

The L8 dgsign of Table 32 is a standard orthogonal (balanced) array with seven columns and eight-roys.
Factors A,|B, C, etc. can be assigned to the columns. Factor levels are indicated by a 1 or a 2. In some texts,
minus and plus signs are used instead. Each row indicates a combination of factor levels te‘ruh in the
experiment. The design is such that four independent estimates can be made of the effect of @ach factor|on
the resporjse, at each level, under different operating conditions of other factors. These four-estimates ¢an
then be ayeraged for each factor level. This is illustrated in the design validation and development example
given later{within this subclause.

In using these factorial designs, a number of features need to be considered.

a) The gtatistical desirability of randomizing the run sequence to protect @gainst bias due to factors hot
included in the experiment. For example, without randomization, take\the situation if the first two rung of
L8 wdre performed on Saturday morning, the next two on Saturday. afternoon with the further four rdins
done [similarly on Sunday. It would not be possible to separate®out the day-to-day effect presen{ in
columin 1 from the factor A effect. Statisticians would say theceffects are confounded. Neither would it|be
possilile to separate out the morning to afternoon effect in celumn 2 from the factor B effect. On the other
hand,|operational interests would prefer to retain the order given in Table 32 if some factor levels gre
ifficult to change than others. The most difficult factor to change would be put into column 1, whiich
has the minimum number of changes and the easiest factor to change in column 4, which has fhe
um number of changes. Hence the actual ‘run order will often be based on a trade-off between
statistjcal and operational considerations.

b) Repligation/repetition of the experiment for.€ach specified combination of factor levels. This is desiraple
for twg principal reasons: one, to estimate’the value of any noise or error and; two, to provide a measjire
of the|variability of the response at.each combination. The latter is required if the aim of the experiment is
to optimize the response with minimum variation.

c) Sequéntial experimentation{ as' opposed to one-shot experiments. This is possible with the L8 design.
This flexibility facilitates the building of knowledge as the experiment progresses in order to meet the
experimental objectives-with the minimum of effort and cost. For instance, if the L8 does not yield the
information required; say, with four or seven factors, it may be extended into an L16, which has 15 fagtor
columns and 16 runs.

12.1.4.2.2| Design validation and development example

This example“shows an application of experimental design 2 of Table 32. It has two roles; one, as a desjgn
validation tool to determine the suitability of a sintered part for a particular application and two, as a
development tool in the sense of searching for preferred operating conditions. Four design factors were
investigated each at two levels as indicated in Table 33.

The experimental layout chosen uses columns 1, 2, 4 and 7 of a standard L8 array. Strength of fit, in kN, at
minimum interference conditions was recorded for each part subjected to each experimental combination.

Three parts were used for each run in order to separate out means from variation in order to permit a search

for design factors that would enhance mean strength (signal factors) and those that would reduce variation
(control factors). Variation is expressed in terms of standard deviation. The results are shown in Table 34.
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Table 32 — Alternative useful designs with the “Taguchi” (Lattice) L8 two-level array

L8 lattice Column for factors
1 2 3 4 5 6 7
1 1 1 1 1 1 1 1
2 1 1 1 2 2 2 2
3 1 2 2 1 1 2 2
Runno. 4 1 2 2 2 2 1 1
5 2 1 2 1 2 1 2
6 2 1 2 2 1 2 1
7 2 2 1 1 2 2 1
8 2 2 1 2 1 1 2
Design 1:
full factorial 3-factor
design with all A B C
interactions isolated AB AC BC ABC
Design 2:
4-factor design with A B Cc D
main effects clear of
all 2-factor AB AC BC
interactions CD BD AD
Design 3:
7-factor design with A B C D E F G
each factor AC AB AE AD AG AF
confounded? with BC BF BG BD BE
2-factor CG CF CE CD
interactions (only 2 DE DF DG
factors shown) EG EF
FG
@ A factor is said tovbe‘confounded with another factor, or factors, when their separate effects
cannot be isolated.
Table 33 — Sintered part design factors and their levels
Design factor Level 1 Level 2
A. Surface finish Fine turned Microlled
B. Lubrication Yes — number 2 oil No
C. Speed Low High
D. Density 6,5 6,8
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